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FINITELY ADDITIVE MARKOV CHAINS
BY
S. RAMAKRISHNAN

ABSTRACT. In this paper we develop the theory of Markov chains with stationary
transition probabilities, where the transition probabilities and the initial distribu-
tion are assumed only to be finitely additive. We prove a strong law of large
numbers for recurrent chains. The problem of existence and uniqueness of finitely
additive stationary initial distributions is studied and the ergodicity of recurrent
chains under a stationary initial distribution is proved.

1. Introduction. In this paper we start the study of Markov chains with stationary
finitely additive transition probabilities and an initial distribution that need only be
a finitely additive probability. The first serious attempt to study stochastic
processes in a finitely additive setting was made by Dubins and Savage [8] who
studied gambling with finitely additive probabilities. Given any strategy, they
obtained a finitely additive probability on all clopen subsets of the infinite product
in a natural way. This enabled them to state and prove weak versions of various
convergence theorems. Dubins [7] showed how this measure can be extended to the
open sets. Purves and Sudderth [13] then showed that every Borel set can be
squeezed between an open set and a closed set. Therefore a strategy induces a
finitely additive probability on all Borel sets of the product space, unique subject to
some regularity conditions. Purves and Sudderth [13] then formulated and proved a
special case of the strong law of large numbers for the i.i.d. situation and a version
of the martingale convergence theorem. This was followed by a systematic study of
almost sure convergence for independent strategies and martingales by Chen ([2]
and [3]). In the same spirit we take up here the study of Markov chains.

In §2, after setting up the basic framework, we state some of the results from
earlier work in the subject, which we shall need in the sequel. In §3, we obtain the
strong Markov property which is fundamental for our theory. The classification of
states is studied in §4 and the notions of recurrence and transience are examined in
detail. §5 contains the very important blocks theorem which enables us to use in
our theory known results on almost sure convergence in an i.i.d. setting. In §6 we
study positive recurrence. §7 contains the strong law of large numbers for Markov
chains and a few other related results on almost sure convergence. §8 shows the
existence of finitely additive stationary initial distributions for any Markov chain.
It needs to be remarked that in the countably additive case, a countably additive
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stationary initial distribution need not always exist. In §9 the problem of unique-
ness is taken up. Although we do not have uniqueness in general, in many cases,
the uniqueness of the countably additive part can be shown. This section also
discusses the existence of countably additive stationary initial distributions for
finitely additive Markov chains. In §10 we construct a special stationary initial
distribution in case the chain has a positive recurrent state. We identify the limit in
the strong law as the integral with respect to this special stationary initial distribu-
tion. Finally in §11 we prove the ergodicity of recurrent chains under a stationary
initial distribution.

Generally, in our proofs familiar arguments are carried through with the help of
stop rule techniques. We have drawn a lot of inspiration from the books of Chung
[5] and Freedman [10] which have greatly influenced our presentation.

2. Preliminaries, notations and definitions. Let / be an arbitrary nonempty set
equipped with the discrete topology. Let N be the set of positive integers. Let
H = IV and equip H with the product topology. Let I* be the set of all finite
sequences of elements of /, including the empty one. A strategy o is a function
which associates with each p € I'* a finitely additive probability measure o(p),
defined on all subsets of /. In [13], Purves and Sudderth have shown that a strategy
o induces a finitely additive probability measure on a field @(o) of subsets of H,
including %, the o-field of Borel subsets of H. This measure on (o) is also
denoted by . We shall now state some properties of the measure o which we shall
need.

The following notations will appear throughout. Let p, ¢ € I* and h € H. pq is
the element of I* whose terms consist of the terms of p followed by the terms of ¢
and ph is the element of H whose terms consist of the terms of p followed by the
terms of h. If A C H, Ap = {h € H|ph € A}.

If p € I*, of p), the conditional strategy, is defined by o[pl(q) = o(pq) V q € I*.

A stop rule s is a function on H into N such that if 4, A’ belong to H and h; = h;
fori=1,...,s(h), then s(h) = s(h’), where h;, h are the ith coordinates of A, h’
respectively. For h € H, n € N let p,(h) = (h,, ..., h,), and, if s is a stop rule,
p,(h) = p,(h) where n = s(h).

The following two propositions about o, which we shall use, are proved in [13].

PROPOSITION 1. For every A € b and every stop rule s,

o(4) = [ of p(h)](Ap,(h)) do(h).

PROPOSITION 2. Let A', A%, . .. be sets in B .
() If s is a stop rule, then A° € B, where A* = {h € H: h € 4°®}.
G)IfA' D A2D - - - and A = N 2., A", then o(A) = Inf, o(4°).

(i) IfA' CA*C -+ - and A = U 2, A", then o(A) = Sup, o(A°).

n=1
(The infimum and supremum are taken over all stop rules s.)

REMARK. Let s, s’ be two stop rules such that s(h) > s'(h) for all h € H. Then
under the hypothesis of (ii) of Proposition 2, 4° C 4* and under the hypothesis of
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(iii) of Proposition 2, A° D A°. Therefore it is enough to take the infimum and
supremum in the assertion of (ii) and (iii) respectively, over all stop rules s such
that s(h) > so(h) V h € H where s, is a fixed stop rule.

DEFINITION. A strategy o is called a Markov strategy if o(i, . . ., i,) depends
onlyonnandi, foralln € N andforalli, ..., i, € I. Insuch a case we say that
the strategy satisfies the Markov property.

DEFINITION. A Markov strategy o is called a Markov strategy with stationary
transition probabilities if o(i}, . .., i,) = o(i,) foralli,...,i, € Tand n € N (i.e.
o(iy, . . ., i,) depends only on i, and not on n).

The measure induced on (H, &(0)) by a Markov strategy o is called a Markov
measure and the sequence of coordinate maps is said to form a Markov chain.
Since we shall never have occasion to talk about a Markov strategy that does not
have stationary transition probabilities, whenever we talk of a Markov strategy, it is
to be understood to have stationary transition probabilities.

For any strategy, the measure o, which o associates with the empty sequence will
be called the initial distribution of the strategy. A Markov strategy o is completely
specified if we specify o, and o(i), i € I. Since for many of our results it is
immaterial what the initial distribution is, we shall in such cases denote the Markov
strategy by {0(/)};c,;- When the initial distribution ¢, is also important, we shall
denote the Markov strategy by {aq, {0(i)},c;}-

3. The strong Markov property. Many of the important results about Markov
chains need a stronger version of the Markov property. In order to obtain that, we
first need to strengthen Proposition 1 of §2.

DEFINITION. An incomplete stop rule ¢ is a function on H into N U {oo} such
that if A, ¥ € H and t#(h) € N, then h, = h] for i =1, ..., t(h) implies that
t(h) = «(h).

LEMMA 1. Let t be an incomplete stop rule and s a stop rule. Then s, = min(t, s) is
a stop rule.

Lemma 1 is well known and can be found in [8]. We omit its proof since it is
straightforward.

LEMMA 2. Let t be an incomplete stop rule and s a stop rule. Let A € B be such
that A C {h € H|«(h) < s(h)}. Then, for any strategy o,

o) = [ o p(h)](4p,(R) do(h),

{1<s})
the integral above being taken over {h € H|t(h) < s(h)}.

PrROOF. Define s, as in Lemma 1. Then by Proposition 1 of §2, we know that
o(A) = [o[p, (W)(Ap, (h)) do(h). Observe that since 4 C {h€ H |t(h) < s(h)},
Ap, (h) =D if h is such that #(h) > s(h); and if #«(h) < s(h), s,(h) = #(h) and
therefore p, (h) = p,(h). Hence Lemma 2 follows.
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PROPOSITION 3. Let t be an incomplete stop rule and A € B be such that
A C {h € H|t(h) < oo}. Then, for any strategy o,

o(4) = [ o[ p(W)])(Ap(h) do(h).
{t<o0}

PrOOF. Let A" ={(h € HIh€ A and t(h)<n}, n€ N. Clearly A'C 4>

C--- and U;., 4" = A. Further 4° = A N {t <s)} for every stop rule s.

Hence by Proposition 2 of §2 and by Lemma 2 of this section,
o(4) = Sup o(4*) = Sup f o p(R) (4D, ()) do(h).
Observe now that, for A such that t(h) < s(h), A°p,(h) = Ap,(h).

o(4) = [ 1<, L PAR (Ap (1) (k)

—Inf [ o[ p(W)](Ap,(h)) do(h).

{0 >1>s5}

Further, by Proposition 2 of §2,

o({t < w}) = o( L__Jl {t< n}) = Szlp o({t <s}).

Hence 0 < Inf; [ <~ 0[p(M)(A4p,(h)) do(h) < Inf; 6({c0 >t > s5}) = 0. Conse-
quently Proposition 3 follows.

DEFINITION. Let 4 € B and let ¢ be an incomplete stop rule. Say that A4 is
conditionally determined given ¢ if (i) 4 C {¢# < o0} and (ii) there exists B € B
such that Ap,(h) = B for all h such that ¢(h) < oo.

ExAMPLEs. (1) Leti € I. Let

t(thy=n ifh,#i,1<m<n—1landh, =i
=o ifh,#iforalln € N.

This ¢ will be called the incomplete stop rule corresponding to the first occurrence
of i. Let A = {h € H|h, = i for some n € N}. Then 4 is conditionally determined
given ¢, with B = H.

(ii) Let ¢ be the incomplete stop rule corresponding to the first occurrence of i
and let A = {h € H|h, = i for infinitely many n € N}. Then 4 is conditionally
determined given ¢, with B = A.

From now onwards, for the rest of the paper, o will stand for a Markov strategy
with stationary transition probabilities.

THEOREM 4 (STRONG MARKOV PROPERTY). Suppose A is conditionally determined
given t. Suppose further that there exists i € I such that hy,, = i for all h such that
t(h) < oo. Then o(A) = o[i}(B) - o({t < o0}) where B is such that Ap(h) = B for
allh € {t < o}.
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PRrOOF. It follows from Proposition 3 that

o) = [ oL )(Ap () do(h)

= o[ i](B) do(h), by the hypotheses and the Markov property,
{t<o0}

= g[i](B)o({t < 0}).

4. Classification of the state space. We shall refer to I as the state space of the
Markov chain and to elements of I as the states of the Markov chain.

For JE€landn €N, let A7 denote the set of all A € H such that A, = j. Let

= U 4% Letd, = U,,_, "= U ., B Leti,j € I

DEFINITION We shall say that i/ weakly leads to j (denoted by i J) in case
o[i](4;) > 0. We shall denote ofi](4,) by f;.

DEFINITION. We shall say that i strongly leads to j (denoted by i Jj) in case
o[il(4") > O for some n E N.

REMARK. Always, if i J then i Jj. If we assume that o is countably addmve,
i.e. if o(p) is a countably additive probability measure for each p € I*, then i% J
implies that i J.

ExamPLE 1. Let I = N. Let o be a stationary Markov strategy such that
o(d) = A, where A is an arbitrary finitely additive probability measure on I,
o(1) = vy, where vy is a purely finitely additive probability measure, and o(n + 1) =
d,, the Dirac measure at n, n € N.

It is easy to see that in the above example 1 51, but 151 is not true. Thus the
notions of i strongly leading to j and i weakly leading to j are not in general
equivalent.

PROPOSITION 1. i 2> J iff, for some stop rule s, o[i}(4;) > O.

PROOF. Since 47 C A4; for all stop rules, ofi](4;") > 0 for some stop rule s implies
that f} > 0. Conversely, suppose that ff > 0. By Proposition 2 of §2,

7 = o[i14) = ofi)( U 57) = supeli)(8)
n=

Hence there exists a stop rule s such that o[i](B;") > 0. Let 7 be the incomplete stop
rule corresponding to the first occurrence of j and define s; = min(¢, s). Clearly
B’ C A;. Therefore o[i](4;'") > 0 and thus the proof of the proposition is com-
plete.

REMARK. ff = Sup, ofi}(4)).

DEFINITION. Let s, s, be stop rules. s; composed with s,, denoted by s, * s,, is the
stop rule defined by

Sy * Sz(h) = Sl(h) + 52( s () + 1> hsl(h)+2’ [N ), he€e H.

PROPOSITION 2 (CHAPMAN-KOLMOGOROV EQUATIONS). Let i,j € I and let s,, s,
be stop rules. Let p be the measure on I defined by w(J) = o[il{h € H|h, 4, € J})



252 S. RAMAKRISHNAN

for every J C I. Then

[1(47 %) = [ o[ K](47%) du(k).

PrOOF. By Proposition 1 of §2, we have
o[i)(47 ) = [olip.()](47"*"p. (B)) do[ 1](h)
= [ o by (47" do[ i](h).

The proof of the proposition is completed by applying the change of variable
theorem (see Lemma 8, page 182 of [9]).

COROLLARY 3. For i, j, k € I,

(@) i >, j - k implies i > k.

(0) i >j,j > k implies i > k.

© fix > fifk

PrOOF. It follows from the Chapman-Kolmogorov equations that o[i}(4,' * *?) >
oli)(4;") - o[ /WA for i, j, k € I and all stop rules s,, s,. Assertion (a) now follows
from Proposition 1 of this section. In order to prove (b), observe that if s, = n, and
s, =n,, n;,n, €N, then s, *s,=n, + n, and use it in the above inequality.
Assertion (c) follows by taking supremum over all stop rules s,, s, in both sides of
the above inequality.

DEFINIT]ON A state i is sand to strongly communicate with j in case i J and
Jj 25 i. In such a case we write z<—>_1

A state i is said to weakly communicate with j in case i = Jjandj Xi Insucha
case we write i <> J.

On the set of all states i such that i<>i (i <i>i), S (<f+) is an equivalence
relation. We thus get a partition of such states into equivalence classes. By
considering {¢} for i such that i i @ 5 i) is not true, we get a partition of the state
space into classes called weakly (strongly) communicating classes. Since i S Jj
implies that i S J, every weakly communicating class is a union of strongly
communicating classes.

DEFINITION. A state i is called recurrent if ff = 1. Otherwise it is called transient.

Let G, = lim sup,_,,, 4" and g; = oli}(G)), for i,j € 1.

PROPOSITION 4. g; = frg..

PRrROOF. Let ¢ be the incomplete stop rule corresponding to the first occurrence of
J- Then G; is conditionally determined given ¢ and Gp,(h) = G; for all h € {t <
o }. Hence by the strong Markov property

g; = o[i](G) = o[ j](G) - o[ i]({t < ®)}) = fg;.
PROPOSITION 5.
g; =f} ifjis recurrent,

= 0 ifj is transient.
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ProOF. Let G" = {h| at least m coordinates of h are j} and let g (m) =
olil(G™).

Let ¢ be the incomplete stop rule corresponding to the first occurrence of j. For
m € N, G™*! is conditionally determined given ¢ and G™*'p(h) = G™ for h € (¢
< o0}. Thus, by the strong Markov property, we have, for all m € N,

gy(m + 1) = o[ jJ(GM)a[i]({t < »}) = f}g;(m).

A repeated application of the above equality gives us g, (m + 1) = f1(f)™ for all
m € N. If j is transient, by Proposition 2 of §2,

& = Infa[1](G?) < Inf o[ i](G)
< Jul GG =0

Suppose now that j is recurrent. It follows from what we have proved that
g;(m) = f} for all m € N. We shall prove by an induction on the structure of stop
rule s that o[i/](G’) = f} for all stop rules s. (For an account of the hierarchy of
stop rules see [8].) In view of Proposition 2 of §2, this is enough to prove our
proposition. We have already shown that ofi)(G) = f; for all stop rules of
structure zero. Assume that for all i € I and stop rules s of structure < a, we have
shown that o[i](G;’) = f}. Now let s be a stop rule of structure a.

Recall that ¢ is the incomplete stop rule corresponding to the first occurrence of
J- By Proposition 3 of §3,

of[i(G*) = [ olindW)](G* pk) do[i](h)

{t<o0}

= [ o[)(Gr) do[i](h)
{1<o0}
where s, is the stop rule defined by s,(h") = s(p(h)h’). For all A such that
t(h) < o0, s, is a stop rule of structure < a. Hence by the induction hypothesis the
integrand is identically equal to f} = 1. Therefore o[i](Gj”') = o[i]({t < 0}) =
f3- But f¥ > o[il(G/) > o[i}(G*") = f}. Hence the proof of the proposition is
complete.

REMARK. In the course of the proof we have also proved that for any i € I, if
Y(i) is mapping on H defined by Y(i)(h) = number of coordinates in A which are
equal to i, then the distribution of Y(i) is geometric under o[i].

The following is an immediate corollary of Proposition 5.

COROLLARY 6.

g; =1 ifiis recurrent,
=0 ifiis transient.

The rest of the section is mainly devoted to showing that in a weakly communi-
cating class either all states are transient or all states recurrent.

LEMMA 7. If i is recurrent and i1>j, thenjl i.
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PROOF. Suppose on the contrary that there exists a j such that ff > 0 but ff = 0.
Consequently, g; < fi = 0. Then
g = o[i](G) = o[i](G, N 4)) + o[i](G, N 4).
Now o[i}(G; N Af) < o[il(47) =1 — f; < 1since f} > 0.
Also G; N 4; is conditionally determined given ¢, the time of first occurrence of
J- Further (G; N 4))p(h) = G; for all h € {t < 0}. Hence by the strong Markov

property
o[i](G, N 4) = o[ 1)(G)- o[ i]({t < w}) = gufy =O.
Hence g; < 1, a contradiction, since by Corollary 6, g; = 1 as i is recurrent. This
proves the lemma.
PROPOSITION 8. If i is recurrent, i # j and i 5 J» then g; = 1.

PROOF. Let s’ and s be stop rules such that s'(h) < s(h) for all h € H. Then
o[i]({h: h, = i for some n > s(h) and h, #j foralln > s'(h)})
<o[i]({h: @ m > s(h))(h, #j fors'(h) < n < s(h), h, # i for
s(hy K n<m,h, =i h, #jforn>m)}).
Let C, , denote the event on the right side of the above inequality. Define
t(hy=n ifn>s(h), h, =i, h, #jfors'(h) <m < s(h)
and h,, i fors(h) <m <n,
oo if no such n exists.
Then ¢ is an incomplete stop rule and C, ;. is conditionally determined given ¢, with
C,yp(h) = Af for all h € {t < oo}. Hence by the strong Markov property,
o[ i](C,y) = o[ i](47)o[i]({t < 0})
= (1 = f¥)o[i]({h: h, = i for some n > s(h) and h,, #j, s'(k) < m < s(h)}).
Taking infimum over all stop rules s such that s(k) > s’(h) for all A on both sides of
the last mentioned inequality and using Proposition 2 of §2, we get
o[ i]({h: h, = i for infinitely many n, h, #j for n > s'(h)})
< (1= f)o[i]({h: h, = i for infinitely many n, h, #; forn > s'(h)}).
Since f} > 0, it follows that
o[ i]({h: h, = i for infinitely many n, h, #j for n > s'(h)}) = 0.
This being true for every stop rule s, by Proposition 2 of §2 again, o[i}(G; N G) =
0.
But o[i}(G;) = 1 (i is recurrent).
So o[i}(G)) = o[i[(G;n G) = 1.

THEOREM 9. Let i be recurrent. Suppose i J- Then j is recurrent and g; = g;; = 1.
Consequently, all states in the weakly communicating class containing i are recurrent.

ProoF. Under the hypotheses of the theorem, g; = 1 by Proposition 8. There-
fore, by Proposition 4, g; = 1. Hence j is recurrent by Corollary 6. By Lemma 7,
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J % i. Thus, once again by Proposition 8, we get g; = 1. The proof of the theorem is
therefore complete.

5. The blocks theorem. Let i be a recurrent state. We fix this i/ for the rest of the
section. For each n € N, let #(n) be the incomplete stop rule corresponding to the
nth occurrence of i. Let F be the set of all nonempty finite sequences of elements of
I whose last coordinate is i and none of the other coordinates is i. Let @ = FV.
Equip  with the product of discrete topologies and let § be the Borel o-field on L.
On G,, we define a sequence { B,} of functions into F called the block variables as
follows:

Bi(h) = pay(h) and B, \(h) = (hmy+1s - - -5 Bynsny)

for all h € G, and n € N. Let ® be the mapping on G, into @ defined by
®(h) = (By(h), By(h), . ..). Clearly ® is 1-1, onto  and is in fact a (topological)
homeomorphism (G; has the relative topology). To see the last part it is enough to
look at the forward image and inverse image of sets from the canonical base of
clopen sets and observe that they are open.

Let X be a topological space. Let @ be the o-field of Borel subsets of X.

DEFINITION. A finitely additive probability P on (X, &) is said to be regular just
in case

(i) for every open set U in X, P(U) = Sup{P(K): K clopen, K C U} and

(ii) for every Borel set 4 in X, P(A) = Inf{ P(U): U open, U D A4}.

LEMMA 1. Let P and P’ be regular measures on topological spaces X and X', with
Borel o-fields @, @’ respectively. Let ¥ be a homeomorphism of X onto X’. Assume
further that for all K clopen in X', P'(K) = P(¥"\(K)). Then P'(4) = P(¥7(A)) for
all 4 € @'.

The proof is omitted as it is straightforward.
Let y be a measure on F defined by

y(D) = o[i](B'(P)) forallD C F.

v is clearly finitely additive and is a probability, since i being recurrent, o[i}(G;) =
1. Let # be the ii.d. strategy on F induced by vy, i.e., #(p) = y for all finite
sequences p of elements of F. As usual let # denote the measure induced by this
ii.d. strategy on (2, ¥).

THEOREM 2 (BLOCKS THEOREM). For each B € ¥,

x(B) = a[i](tb"(B)).

PRrOOF. Since all strategic measures are regular [13], 7 and o[i] are regular. Since
o[i)(G;) = 1, restriction of o[i] to G; is regular. Further ®, as defined in the
beginning of this section, is a homeomorphism of G, and §2. Hence, in view of
Lemma 1, it is enough to show that #(K) = o[i}(®~!(K)) for all K clopen in £. We
shall prove this by induction on the structure of the clopen set. (See [8] for an
account of the hierarchy of clopen sets.)

If K=0, n(K)=0=o[i(®(K)) and if K=8, #n(K)=1=li|(G)=
o[i)(®7'(R)) since i is recurrent. So the result is true for clopen sets of structure zero.
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Assume that we have proved the result for all clopen sets of structure < a. Let X
now be a clopen set of structure a. Then

m(K) = f 7(Kx) dy(x), by Proposition 1 of §2 and change of variable theorem,

= f o[i](®7'(Kx)) dy(x), by induction hypothesis,

i](®7'(KB,(h))) do[i](h), by change of variable theorem,

S oli]
L_“[i]((q’"(K))p,(.)(h)) do[ i](h)

of i]((®7" n(h)) do[il(h
e L@ () dof 1)

o[i](®7'(K)), by Proposition 3 of §3.

Hence the theorem is proved.

6. Positive recurrence. We begin with a lemma on finitely additive integration.

Let X be an arbitrary nonempty set, @ a o-field of subsets of X and P a finitely
additive probability on X. A random variable B is an extended real valued
measurable function on (X, @).

Following [9], for an unbounded nonnegative random variable 8, by [ 8 dP we
shall mean Sup, / 8 A ndP where B A\ n = min(B, n). For a random variable
which is not necessarily nonnegative, we define ( BdP = (B* dP — [ B~ dP,
provided the right side makes sense, where 8* = max( 8, 0) and 8~ = max(-8, 0).

LemMmA 1. If B is a nonnegative, extended integer valued random variable on
(X, &, P), then

[Bap= S P8 > n}).

n=1

PRrROOF. It can easily be verified that, form =1,2, ...,
JBAm aP= 3 P((B>n)).
=

The result follows by taking the supremum over m.

The next lemma is a finitely additive version of Wald’s identity.

Let X be an arbitrary nonempty set. A sequence {Z,} of functions on X" is
called a sequence of identical coordinate mappings if there exists a function Z on X
such that Z,(x,, ..., .) = Z(x,) for all (x,...,x,,...) € X" and for all
n.

ns ¢ -

LEMMA 2 (WALD’S IDENTITY). Let p be an i.i.d. strategy on X and let {Z,} be a
sequence of identical coordinate mappings which are bounded below by the constant 1.
Let v be an incomplete stop rule and S, = 37 _,Z,. Then [ S, dp =
(J Z, dp)(J 7 dp).



FINITELY ADDITIVE MARKOV CHAINS 257

Proor. We may assume that [ Z, dp < oo, for otherwise the result is trivial.
Suppose first that 7 < m and let
Y,=1 ifr>n,
=0 ifr<n.
Then S, = 27_, Z,7,. Consequently,

fs, dp = élfz,,y,, dp

> ( f z, dp)( f Y, dp), because 7 is an incomplete stop rule,

n=1

(fz, dp)(él o({r > n}))

=(fz, dp)(f‘rdp).

For the case when 7 is unbounded, observe that S, An < S,,, because 7 <n
implies S, ,, = S, and 7 > n implies S, ,, = S, > n. Hence,

fST dp = Sgpf(S,/\n) dp = S\:pfS,,\,. dp

= Sl:p(le dp)(f('r/\ n) dp) = (fz, dp)(f"r dp).

This completes the proof.

REMARK. A much more general form of Wald’s identity has been proved in [15].
The proofs given above of Lemma 1 and the special case of Wald’s identity were
suggested by the referee.

Returning to Markov chains, for i, j € I, let m;; stand for [ ¢ do[i] where ¢ is the
time of first occurrence of a j.

DEFINITION. A recurrent state j is called positive recurrent in case m; < oo. It is
called null recurrent if m; = co.

REMARK. If m; < oo, by Lemma 1, 277, o[jI({¢ > n}) < oo, so o[jl({z > n}) —>
0 as n —» oo and hence} is recurrent.

Let i be recurrent and i . Let F be the space of i-blocks as defined in §5. Let
D be the set of elements of F having at least one j.

Define 8 on G, as follows:

O(h) =n ifB,(h) & D,1 <m <n,and B,(h) € D,
= o0 if no such n exists.
Let ¢(1) and ¢ be the time of first occurrences of i and j respectively.

LEMMA 3. Suppose i—ij. Then oli})({t < t(1)}) > 0 and o[ j}({¢(1) <t}) > 0.

PROOF. Since i is recurrent and i —» j implies that j is recurrent and j:;i, it is
enough to show that ofi}({t < #(1)}) > 0. Clearly B;/'(D) = {t < ()} If
ofi}( B;'(D)) were zero, by the blocks theorem and the Borel-Cantelli lemma [13], it
would follow that g; = o[i](G;) = 0. This is a contradiction because g; = 1. Hence
the lemma is proved.
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LEMMA 4. If i 55 j, [ 8 do[i] < 0.

PrOOF. Under the hypothesis, by Lemma 3, o[i}(8,'(D)) (say equal to p) is
positive. Observe that

[0 doli] = g. a[i]({6 > n))
-3 o[i]( krj: B['(D‘))

o0
= 3 (1 -p)""", by the blocks theorem,

n=1]1
=1/p < o0, becausep > 0.
Let {A,} be the sequence of functions on G; defined by A,(h) = #«(1)(h) and

A, +1(h) = t(n + 1)(h) — t(n)(h), n € N, where t(n) is the time of nth occurrence of
i. Let S, be defined on G, by Sy(h) = %", A (k).

LEMMA 5. If i 55 j, [ Sp doli] = m; + m.
PrOOF. Observe that t(h) < Sy(h) for all h € G; where ¢ is the time of first
occurrence of aj. Define on G; the function r by
r(h) = Sy(h) — t(h) if t(h) < oo,
= oo otherwise.
Clearly r is a nonnegative extended integer valued function such that
Se(h) = t(h) + r(h) forallh € G,.
Therefore [ Sy do[i] = [ t do[i] + [ r doli]. Since by definition [ ¢ do{i] = my;, it is
enough to show that [ r dofi] = m;. Now

fr do[i]

o0

21 o[i]({r > n})

n=

§ o[i]({t < o andr > n}), sincef} =1,

n=1

o0
= X o[i]({t < 0 and S, >t + n}).
n=1
The event A, (say) in the nth term of the summation is conditionally determined
given ¢t and 4,p,(h) = {#(1) > n} forallh € {t < o0} and n € N. Therefore by the
strong Markov property,

[rdo[i] = S o[ (1) > n})a[]({¢ < o))

n=1

o0

= 2: o[ j]{(1) > n}) = m;.

na=

o . 3 w .
PROPOSITION 6. If i is recurrent and i— j, then m; < my; + m; and m; < m; +
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PROOF. As before it is enough to show that m; < m; + m;. The case i = j being
trivial, we can also assume that i ;. By Lemma 5, [ S, do[i] = m; + m;. But
t(1)(h) < Se(h), h € G..

Therefore m; = [ (1) doli] < [ S, do[i] = m; + m;.

REMARK. It therefore follows that if i is recurrent and i J» and further m; < oo
and m;; < oo, then i and j are both positive recurrent.

w
THEOREM 7. Let i be a positive recurrent state and i—j. Then j is positive
recurrent. Further m; < oo and m; < co. Consequently, in a weakly communicating
class either all states are positive recurrent or none is.

PrOOF. We assume that i #j since otherwise the result is trivial. In view of
Proposition 6, it is enough to prove that m; + m; < co. By Lemma 5, this is
equivalent to proving that [ S, do[i] < oo. Using the blocks theorem and the
change of variable theorem it is easy to see that [ S, dofi] = f S, ° &' dm, where
® is the homeomorphism from G, onto F" defined in §5. Note that § o &' is an
incomplete stop rule and {A, ¢ ®'} is a sequence of identical coordinate mappings.
Therefore by Wald’s identity and then the change of variable theorem,

fSado[]—(f)\ do[ i )(fodo )

Now [ A, do[i] is finite since i is positive recurrent and [ 6 do[i] < oo by Lemma 4.
Therefore the theorem is proved.

REMARK. If m; < oo, as before we can show that ofij({# > n}) >0 as n — c.
Therefore lim, a[t]({t < n}) = 1. Hence for some n, o[i}(4,") > 0. Consequently
i J. Therefore a positive recurrent weakly communicating class is necessarily
strongly communicating. In particular i Siifiis positive recurrent.

We conclude this section by giving an example of a Markov chain corresponding
to a strategy ¢ which is not countably additive where the state space is one positive
recurrent class.

ExaMPLE. Let I = N. Let 6(<) be an arbitrary finitely additive probability on I,
o() =3%_,p,9,+ (1 —Z%_,p,)y, where 0 <p, <1 for all n > 2 and Z%_,p,
< 1 and v is a purely finitely additive measure on /, o(n + 1) = 3,,n € N.

Clearly I is one weakly communicating class and is positive recurrent since
my =2.

7. The Strong Law of Large Numbers (SLLN). In order to prove the Strong Law
of Large Numbers for Markov chains, we need the following version of the Strong
Law of Large Numbers for i.i.d. strategies.

SLLN for i.i.d. strategies. Let p be an i.i.d. strategy on X and {Z,} a sequence of
identical coordinate mappings. If [ Z, dp = p for all n € N where p is a real
number, then p({w: S,(w)/n — p}) =1 where S,(w) = 2% _, Z;(w), w € XN If
[ Z, dp exists and is equal to oo (i.e. if [ Z," dp = o0 and [ Z; dp < o0) for all
n € N, then p({w: S,(w)/n — oo}) = 1. Similarly if [ Z, dp exists and is equal to
—oo for all n € N, then p({w: S,(w)/n— -}) = 1. (For a proof of the above
theorem see [2] and [3].)
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Coming back to Markov chains, let f be a real valued function on the state space
I. Let i be a recurrent state. For each n € N, let /(n) be the random variable
defined by /(n)(h) = 2%, 9;(h,) where 9(j) = 1 if i = jand Oif i #.

Define p(f) = [[Z5=1 ()1 (,1y5 ;] doli], provided the integral exists. The in-
tegrand is the sum of the f values of terms in the first i-block.

REMARK. Observe that if f* and f~ denote the positive and negative parts of f,
then p(f) = w(f*) — m(S ™) provided either p,(f*) < o0 or p(f7) < co. (How-
ever p,( f) could be defined even if p,(f*) = w(f~) = o0.)

In what follows i is assumed to be recurrent.

LEMMA 1. If either p(f*) < o0 or p(f7) < oo,

PrOOF. We shall prove the result for a general nonnegative f. In that case we
would have the required result for f* and f~ and that would suffice in view of the
remark made above. So assume f > 0. Define a function Z on F, the set of all
finite sequences with last coordinate i and none of the other coordinates i, by
Z(iy, . . ., 0,) = 2%, f(ir). Now define a sequence {Z,} of identical coordinate
mappings on (2, ¥) by Z,(w) = Z(w,), » € €, n € N, w, being the nth coordinate
of w (2, 9, ® and 7 are as defined in §5). Since 7 is an i.i.d. strategy, by SLLN for
i.1.d. strategies, m(B) = 1 where

B = {w: ﬁ'—';,z—"(w—)%m(f)}.

Hence by the blocks theorem o[i}(®~'(B)) = 1. Since f > 0,
SO Z,@0) _ Toi k) SO Z,(0(R)
I(n)(h) I(n)(h) I(n)(h)
Further /(n)(h) — oo as n — oo on G;. Therefore

o) < ({1 et )

and the proof of the lemma is complete.

forallh € G,.

COROLLARY 2. If f and g are functions on I such that (i) either p(f*) < oo or
w(f7) < oo, (ii) either p,(g*) < o0 or u(g~) < oo and (iii) either 0 < | w(f)| < o0
or 0 < | pu(g)| < oo, then

. . =1 f(h) N w(f) -
°[']({'" =i 8(hy) u.(g)}) :

PRrROOF. In view of assumptions (i) and (ii), Lemma 1 can be applied separately to
f as well as g and because of (iii) division can be carried out on the common set of
convergence.

COROLLARY 3. Let f be such that either p(f*) < o0 or p(f~) < 0. Assume that
either i is positive recurrent or 0 < |u(f)| < oo (i is already assumed to be
recurrent). Then oli]({S,(h)/n — p(f)/m;}) = 1, where S,(h) = f(h))
+ o SR,
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PrOOF. Let g be the function defined by g(j) =1 for all j € I. f satisfies
condition (i) of Corollary 2 by assumption and g satisfies (ii) because g is
nonnegative. (iii) is satisfied because 0 < | w(g)| = m; < oo if i is positive recur-
rent; otherwise we anyway assume 0 < | w(f)| < oo. Therefore by Corollary 2, the
result follows.

PROPOSITION 4. Let f be such that either p(f*) < o0 or p(f~) < oo and let i 5 J.
Assume that either i is positive recurrent or 0 < | w(f)| < oo. Then

[ B2 )) -

PROOF. Observe that if 4 = {h: S,/n— p(f)/m;}, then 4 N {t < o0}, where ¢
is the time of first occurrence of a j, is conditionally determined given ¢ and further
(AN {t < o})p(h) = A for all h such that #(h) < oo. Therefore by the strong
Markov property, o[i]J(4) = o[i4 N {t < o}) = o[jl(4) - ofil{t < o}) =
a[j)(4). The result now follows from Corollary 3.

COROLLARY 5. Let i be positive recurrent and i = Jj. Let f be such that (i) either
w(f*) < o0 or u(f7) < oo, and (ii) either w(f*) < oo or w(f~) < co. Then

w(f)/ m; = I‘y(f)/mg
PROOF. Since i is positive recurrent and i J, j is also positive recurrent.
Therefore by Corollary 3 applied to j, S,/n converges to p(f)/m; on a set of

o[ j]-measure one. Also by Proposition 4, S,/n converges to w(f)/m; on a set of
o[ j]-measure one. Therefore the result follows.

w
COROLLARY 6. If i is positive recurrent and i — j, for each subset E of the state
space,

w(1g)/ m; = I"_'i(lE)/mjj‘
Proor. Immediate from Corollary 5 by taking f = 1.

THEOREM 7 (SLLN). Let I be a recurrent class under a Markov strategy o. Let f be
a function on I such that either p(f*) < o0 or p(f~) < oo for some i € 1. Assume
that either 1 is a positive recurrent class or 0 < | w(f)| < 00. Then

{fr2-22)-

u

ProOOF. By Proposition 5, o[ j}({h: S,/n — p(f)/m;}) = 1 for all j € I. Further
if oy is the initial distribution of o,

([ 512« 2 s

"

by Proposition 1 of §2. Thus the result follows.
Many important limit theorems for Markov chains follow as special cases of the
above theorem. We give below two such as examples.
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COROLLARY 8. If I is a recurrent class,

{[r20-))-

PRrOOF. In Theorem 7, take f to be the function defined by
fU)y=1 ifj=i
=0 ifj+#i.
COROLLARY 9. If I is a positive recurrent class and i € I, then
o({h: t(I(n))/n—>1}) =1,

where, as before, for each k € N, t(k) is the time of kth occurrence of i.

PROOF. In view of Corollary 8, it is enough to show that

o({h: «(l(n))/l(n) > m,}) = 1.
This would follow if we show that of jJ({ h: t(/(n))/l(n) — m;}) = 1 for eachj € I.
By applying the blocks theorem and SLLN for i.i.d. strategies to the block length
functions {A,} defined as in §6, we can show that ofiJ({¢(/(n))/I(n) > m;}) = 1.
Now an argument similar to the one used in the proof of Proposition 4 shows that
o[j]({ Lll((’-:—'))—)e m,,} N Gi) = o[i]({ L(I[((nL)))_) mii} N Gi) forallj € I.

Therefore

a[j]({%—-)mﬁ}) - o[i]([%:)))—)mﬁ}) —1 forallj eI

This completes the proof of the corollary.

8. Existence of stationary initial distributions. Let {0(i)},c, be a Markov strategy.
DEFINITION. A stationary initial distribution A for {a(i)},¢; is a finitely additive
probability measure defined on all subsets of I such that

[oUNE) dA(j) = N(E) forall E C I. (1)
Suppose / is a Banach limit (see page 73 of [9]).

LEMMA 1. Let {\,} be a sequence of finitely additive nonnegative measures defined
on all subsets of I such that there is a positive real number K with \,(I) < K for all
n € N. Define the finitely additive measure N\ by N(E) = I({\(E)}) for all E C I.
Then for every bounded real valued function f on I, I({f fd\,}) = [ fdA.

(In particular if {A,} and A are finitely additive measures such that (i) A,(/) < K
for all n € N and some positive real number K and (ii) Lim, A,(E) = A(E) for all
E C I, then for every bounded real valued function f on /

Linmffd)\,, =ffd>\.)

PrROOF. If f = 15, E C I, the result is true by definition. Hence by linearity of
the Banach limit, the resylt is true for simple functions. The general formula
follows after approximation by simple functions.
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For each n € N and i € I we shall now define inductively a measure ¢"(i)(-) on
all subsets of 1. Set 6'(i) = o(i), i € I and ¢"*'(i)}(E) = [ 6(XE) do"(i)(j), E C
I,ne N.

It is easy to check inductively that ¢"(i) is a finitely additive probability for all
n€E Nandalli € I.

THEOREM 2. Every Markov strategy {o(i)};c; has a stationary initial distribution.

PrOOF. Fix an i € I and a Banach limit /. Let A, = 0"(i), n € N. Then we claim
that A defined as in Lemma 1 is a stationary initial distribution. This is because
Lemma 1 applied to each of the functions f; defined by fz(j) = o(j)(E) for all
JE€ L E C I, gives us (1).

As is evident from the proof of Theorem 2, the stationary initial distribution for
a Markov strategy {o(i)},c; is not in general unique. We give an example to show
that even in the case o(i) is countably additive for each i € I, there can be many
stationary initial distributions.

ExampLE. I = N. o(1) = 2., p,0, where p, is a sequence of nonnegative real
numbers such that (i) 2., p, = 1, (i) 2., np,, < o0, 3, being the Dirac measure
atn,ando(n + 1) =9,,n € N.

In the above example it is easy to see that I is a positive recurrent class. It is
known in such a case that there is a unique countably additive stationary initial
distribution. (See [S] or [10].) However every finitely additive probability A on all
subsets of N such that A(E) = A(E + 1) for all E C N where E+ 1= {n+1:
n € E}, is a stationary initial distribution. Every Banach limit induces one such
measure and such measures are necessarily purely finitely additive. Therefore in the
above example, the convex set of stationary initial distributions is quite large.

9. The countably additive part. Even though we cannot assert uniqueness of the
stationary initial distribution, it is possible in many cases to prove uniqueness of
the countably additive part up to multiplication by a constant.

LemMma 1. If i € I is transient then [ Y(i)(h) do(h) < oo where Y(i)(h) =
2% 1 9:(h,), 9; being the function on I defined by
ai(j) =1 ifi=
=0 otherwise.
PRrROOF. Since Y(i) is nonnegative and extended integer valued,

[ Gy do(h) = 3 o({¥(3) > m)).

n=1
If (1) is the time of first occurrence of i, then by the strong Markov property
applied to each term in the summation,

o0

2 o({#(1) < o }e[{]({Y(i) > n — 1})

n=1

f Y(i)(h) do(h)

o0

2 o({«(1) < )"

n=1
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since Y(i) is geometric under o[/] (see remark after Proposition 5 of §4),

= o({#(1) < 0}) < o0, because i is transient.
1-fi
THEOREM 2. Let A be a stationary initial distribution for a Markov strategy
{0(i)};c; Suppose i € I is transient. Then A({i}) = 0.

Proor. Consider the Markov strategy o = {A, {0(i)};c;}. It can easily be
checked by induction that

f 1,(h,) do(h) = N(E) forallE C I 0)

foreachn € N.
In particular from (2) it follows that [ 9,(h,) do(h) = A({i}) for every n € N.
Consequently 2., [ 9,(h,) do(h) < oo if and only if A({i}) = 0. Since i is tran-

sient, and since

-] o0
J 100 do) = | 3 00| dot > 3. [0 doth
n= ns=
an application of Lemma 1 completes the proof of the theorem.
ReMARK. Equation (2) holds for any stationary initial distribution A for any
Markov strategy o = {A, {0()},e,)-

COROLLARY 3. Let I be a countable transient class under {o(i)},c;. Then every
stationary initial distribution is purely finitely additive.

PrOOF. Immediate from Theorem 2.

We shall next study the stationary initial distribution on recurrent states. For this
we shall need to prove a ratio limit theorem. We first prove a few lemmas needed
for the purpose.

For each of the Lemmas 4-8, we assume that [ is a recurrent class and i, j are
states in 7 such that i # j. Let ¢ be the incomplete stop rule corresponding to the
first occurrence of j. For every kK € N let (k) be the incomplete stop rule
corresponding to the kth occurrence of i. Let Z,(h) = Z0XP 3,(h,), Z,, (k) =
S K0y +1 9(h,y), k € N for all h € G,. If ¢ is a Markov strategy (under which /
is a recurrent class),

LEMMA 4. [ Z, do|j] < oo.

PROOF.
[ z o[ j] = 2 o[/l{(z>mp =3 om

where 8 = o[ j]({# < t(1)}). The last equality follows by repeated application of the
strong Markov property to the incomplete stop rule ¢’ defined by
=1 ift <yl),
= oo otherwise.
Observe that 1 — 6 =1 — o[j}({t < «(1)}) = o[/1({#(1) < ¢}) which is positive by
Lemma 3 of §6. Therefore # < 1 and the lemma follows.
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LEMMA 5. [ Z, do < [ Z, do[j] + 1. Consequently [ Z, do < co.

PROOF. [Z,do=35_,0({Z,>m})=25n_,0({t' < o}Doljl{Z, >m - 1})
by the strong Markov property where ¢ is the incomplete stop rule defined in proof
of Lemma 4. Therefore

fZ, do = o({t' < oo}){l + §la[j]({2l >m})]

mm=

< [z, do[j] + 1.
The previous lemma then implies that [ Z, do < oo.

LeMMA 6. For k > 2, [ Z, do = [ Z, doli].

PrROOF.
[ 2, da = i;lo({zk >m}) = §;la({:(k — 1) < w))-o[i]({Z, > m})

by the strong Markov property. Since I is a recurrent class, it follows that
o({t(k — 1) < 0}) = 1. Hence [ Z, do = Z;,_, o[il{Z, > m}) = [ Z, do]i]. This
completes the proof of the lemma.

For each n € N, let I(n)(h) = 2%, 9(h), h € G,. Clearly I(n)(h) < n for all
h € G,. For each n € N, let Z;(h) = SO 3(h ), h € G,

LEMMA 7. For eachn € N, [ Z/(h) do(h) < [ Z, do[j] + 1.

PROOF.
[Ziw o) = S o((2;>m)) = 3 ol{sy < 0o[/(Zy > m =~ 1)

by the strong Markov property where ¢, is the incomplete stop rule defined by
t/(h) = t(hyyrs Bypps---)+n ft(hyyys hyyr-..) + n<t(l(n) +1),
= oo otherwise.
Therefore [ Z/(h) do(h) = o({t;, < 0})Zm.olJI{Z, > m —1}) < [ Z, do[j] +
1. Hence the lemma is proved.

LeEMMA 8. Ifk € N is such that2 < k < n + 1, then

[ Zd iy do = o({i(n) > k = 1)) [ Z, do i].

PROOF.
o0
fzkl(l(n)>k—~l) do = 210({Zkl(l(n)>k—l) > m})
o0
= > o({Z, >mandi(n) > k — 1})
m=1
o0

2 o({i(n) > k = 1})o[i]({Z, > m})

m=1
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by the strong Markov property applied to the incomplete stop rule # defined by
t”(h) = t(k — 1)(h) ifl(n)(h) >k —1,
= oo otherwise.

o({i(n) > k — 1}) i;l o[i1({Z, > m))

o({i(n) > k — 1})[2, do[ i].
THEOREM 9. Let 0 be a Markov strategy such that I is a recurrent class. Let i,
J € I. Assume that [ I(n) do = [[Z% ., 9,(h,)] do(h) tends to oo as n — oo. Then
=1 J 0:(h) do(h
= ST INLIC NP
n—o0 3% o1 [ 9,(hy) do(h)
(Note that [ Z, do[i] = 1(9;) according to the notation introduced in §7).
PrOOF. If i = j, both sides in the above assertion are trivially equal to 1.
Therefore assume that i ;. For each h € G,,and n € N,

I(n)+1

n
> () =2, + 2 Z,-2Z,
k=1 k=2

where the middle term is zero if /(n) = 0. Also 6(G;) = 1. Therefore

kgl faj(hk) do = f[ kgl a/(hk)} do
() +1

DI
k=2

=fZ]do+f do—fZ,:do. ©)

Now the middle term in the right of (3),

I(m)+1
f[ k§2 Z, | do =f

n+1

2 Zkl(l(n)>k—l)} do, since I(n)(h) < n for all h,
k=2

n+1
= 2 kal(l(n)>k—I)do
k=2
n+1
= > o({l(n) > k — l})~fZ, do[i], by Lemmas 6 and 8,
k=2

( [ do)( [z, da[i]).

Therefore from (3) we have, for each n € N,
/ d,(h,) do(h Z, d
oy JYB) BB _ JZido | (7 gopiy - S22
%=1/ %(h) do(h) [ (n) do / i(n) do

By Lemmas 4, 5 and 7 and the assumption that [ /(n) do — o as n — oo, the
theorem follows.

THEOREM 10. Let I be a recurrent class under {o(i)};,c,;. Let A be a stationary
initial distribution. If N({i}) > O for some i, then N({Jj}) = w(3PA({i}) for every
J € I. Consequently N({j}) > O for all j € I.
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Proor. For the Markov strategy {A, {0(i)};e;}, by the remark after proof of
Theorem 2, [ 9,(h) do(h) = A({/}) for each k € N and [ 9,(h,) do(h) = A({i}) for
each k € N. Since A({i}) > O, lim, [ I(n) do = lim, nA({i}) = oo. Hence by the

previous theorem,
. n\{/j}) -
Ly T
Hence A({/}) = m(3) - A({i}).
We now only need to remark that y,(9,) > 0. This is because

w(3) = [ Z, do[i] > ey 2 90L1] > oli]((e <u)) > 0

by Lemma 3 of §6. The proof of the theorem is complete.

COROLLARY 11. Let I be a recurrent class. Let A, and \, be two stationary initial
distributions. If A\\({i}) > O for some i € I, then there exists a real number c such
that \,({j}) = c- \\({J}) for all j € I.

Proor. If A,({j}) = O for all j € I, we can choose ¢ to be zero. Otherwise by
assumption and Theorem 10, A,({j}) > O for all j € I and A,({/j}) > O for all
jEL

Further A,({j})) = 1(3) - \({i}) and A({j}) = w@) - A({i}), i, j € I. There-
fore

() _ M)
MY MY

Choose ¢ to be this common value and we are done.

i,j eI

COROLLARY 12. Let I be a countable recurrent class such that 2 ;¢ ; p(3;) = oo for
some i € I. Then every stationary initial distribution is purely finitely additive.

PROOF. Suppose on the contrary that there is a stationary initial distribution A
such that A({i}) > 0. Then by Theorem 10, A({/}) = w(3)A({i}).

Consequently 3, M{J}) = [S;e; K@) = .

However, since A is a finitely additive probability, 2, ; A({j}) < 1, a contradic-
tion.

Therefore A({i}) = 0 and hence A({j}) = O for all j. As I is countable, it follows
that A is purely finitely additive.

REMARK. Suppose I is countable. The condition that 3¢, p(3;) = oo always
implies that i is null recurrent because m; > 2, w(3,). In fact the condition is
equivalent to null recurrence if o(i) is countably additive for each i, because then,
m; =3 c; 1(3). We do not know if there are null recurrent chains with a
stationary initial distribution which has a nontrivial countably additive part.

We now prove a theorem on the existence of stationary initial distributions
which are countably additive.

THEOREM 13. Let I be a countable, weakly communicating class. If there exists a
countably additive stationary initial distribution, then, for each i € I, o(i) is a
countably additive probability on I.
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PrROOF. Since I is countable, if A is a countably additive stationary initial
distribution, 3;.; A({i}) = 1. This implies that A({i}) > O for some i € I. This by
Theorem 10 implies that A({j}) > O for all j € I if I is recurrent, but I has to be
recurrent, since, by Theorem 2, I cannot be transient. Since A is a stationary initial
distribution, A({j}) = [ a(i}{Jj}) dA(i) = Z,c; os()N{JPA({i}) for allj € I, as A is
countably additive. Summing over all j € I, we get

2 MUY =2 2 e(OUINN{i})

JjEI JEI i€l
= 3| 2 cot
ierl jer

Since 2;c, AM{/}) =1 and X, o(i)({j}) < 1 for each i € I and A({,}) > O for
all j € I, it follows that 2., o(i)({j}) = 1 for all i € I. This means that o(i) is
countably additive for i € I and the proof of the theorem is thus complete.

The problem of existence of countably additive stationary initial distributions for
a Markov strategy {o(i)},<,;, where o(i) is countably additive for each i € I, has
been extensively studied. Some of the references for this are [5], [6], [10], [11] and
[12].

10. A canonical stationary initial distribution. In §8, we proved the existence of
stationary initial distributions for Markov chains using Banach limits. However, if
the chain has a positive recurrent state, it is possible to actually exhibit a stationary
initial distribution with a nontrivial countably additive part. This stationary initial
distribution has some desirable properties as we shall see later in this section.

Let {0(i)};,c; be a Markov strategy. Let i be a positive recurrent state in I.
Define a function A, on all subsets of I by

ME) =——u(ly), ECL.

Recall that

410 = [ 2 15001 yom(®) e 105

n=1
THEOREM 1. A, is a stationary initial distribution for {0(i)};c-

PROOF. It is easy to see from definition that A, is a nonnegative finitely additive
measure on all subsets of 7. Also \,(I) = m;' - [ (1) do[i] = 1.
Therefore A, is a probability. Let

1 .
%, (E) = = [1:(h)luy>m do[i](h), nENECIL.

It is easy to see that for each n € N, a,; is a nonnegative finitely additive measure
on all subsets of 7 (not necessarily a probability).

For each m € N let A, ; be the finitely additive measure defined by A, ;, =
271 a,,. We now claim that

A= > a,; = lim A, . O]

m—oo
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Clearly foreach E C ITandm € N
1 00
ME) = o [ £ 1) 1rom(®) L1100
i n=1

> o [ 2 160 1on®) L1108

= L S 1)1 yom(h) do 1](h)

i n=1
= )\m:(E)
Therefore
A(E) > ( > a,,,,.)(E) forall E C I. (5)
n=1
Further
(£ a) =5 £ o1t > mp
= —1— m; = 1.
m.

Therefore 2., a, ; is a probability. (4) now follows from (5) and the fact that both
A and 277, a,; are probabilities.
From (4) and Lemma 1 of §8, it follows that

f fax, = lim f fdA,; forevery bounded function f on 1. 6)

Now foreachm € Nand E C I

m+1

M1 AE) = 2 [ 1e(h) Lty »my(h) do[ i](h)

n=1

oNE) + 3 [15lhs )l yomey(h) do[ i1 (H)

n=1

= o()(E) + my 3 1 #ONE) de, )

n=1

by conditioning at the nth coordinate and then using the change of variable
theorem,

= o(i)(E) + m, f( oy CONE) A0 ).

Therefore

>‘m+l,i(E) =

O(i)(E)(l - mu>‘m:({’}))

m

i

+ [6()E) dN,.())
foralm e Nand E c 1. (7)

From (6) and the fact that lim,,_,, mA,, ({i}) = w(d,) = 1, it follows by taking
limits as m — oo on both sides of (7) that N,(E) = [ o(J} E) dA\()). Therefore A, is
a stationary initial distribution.
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ExAMPLE. Let I = N. Define o(1) = p where p is a purely finitely additive
probability on N and o(n + 1) = 9,, n € N, 3, being the Dirac measure at 1.
Clearly 1 is a positive recurrent state and the method of Theorem 1 gives
A =3p + 39, as a stationary initial distribution.

THEOREM 2. Let {0(i)};c; be a Markov strategy. Let i be positive recurrent and
i J. Then N, = N,.. (By Theorem 7 of §6, j is positive recurrent and N; is defined.)

ProoF. This follows immediately from Corollary 6 of §7.
COROLLARY 3. Let I be a positive recurrent class. Then \, = ; for all i, j € 1.

Proofr. Follows trivially from Theorem 2.
We have therefore shown that if I is positive recurrent, there is a stationary
initial distribution A with

m(3) L foralli € I.

A{i}) =——=

U (4

Clearly A({i}) > O for all i € I. Therefore A has a nontrivial countably additive
component. This A will be called the canonical stationary initial distribution for the
positive recurrent chain.

This canonical stationary initial distribution A is important for the Markov chain
and has desirable properties. As stated in the Strong Law of Large Numbers for a
positive recurrent chain, for a function f such that for some i € I, either w(f*) <

oo or p(f7) < oo,
o({h: e=1S(1) __)l“i(f }) =1
n

m;

This almost sure limit is actually the integral of f with respect to the canonical
stationary initial distribution.

THEOREM 4. Let I be a positive recurrent class and \ the canonical stationary initial
distribution.
For any real valued function f on I such that for some i € I either p(f*) < o0 or

“I'i(f_) < o0,
p(f) _
= [fan

ProoF. The proof is routine, first done for simple functions and then the general
case by approximation with simple functions.

We conclude this section with an interesting characterization of countably
additive positive recurrent chains.

THEOREM 5. Let I be a weakly communicating class under {0(i)};c;- Then I is
positive recurrent and o(i) is countably additive for each i € I if and only if
Siermy' =1

PROOF. Only if part. Since I is positive recurrent, there is a stationary initial
distribution such that A({i}) > O for all i € I. (The canonical stationary initial
distribution has this property.) Therefore I has to be countable. Further given that
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o(i) is countably additive for each i, it is known that w({1})) =m;', i € I, is a

countably additive stationary initial distribution. (See [S] or [10] for a proof of this.)

Therefore =,c; m;' = 1.

If part. 3,c; m;' =1 implies that m;' > 0 for some i, and hence m; < oo,
consequently i is positive recurrent. As I is a communicating class, / is a positive
recurrent class. If A is the canonical stationary initial distribution, we know that
A({i}) = w(3,)/m; = m;" for all i. Therefore ,.; m;' = 1 implies that A is coun-
tably additive. Therefore by Theorem 13 of §9, the result follows.

11. Ergodicity of the shift. The shift transformation T on H is defined by
T(hy by, . .. ) = (hy, hy, ... ) for all h € H. The invariant o-field § is the collec-
tion of all sets A € B such that T7'(4) = 4.

T is said to be ergodic under o if (i) o(T'(4)) = o(A) for all A € B and (ii)
o(A)=0orlford €9.

THEOREM 1. Let I be a recurrent class under {o(i)};c ;. Let \ be a stationary initial
distribution. Then the shift T is ergodic under o = {\, {0(i)};c,}-

PrOOF. For4 € B
o(T7(4)) = [ o by, I ]{(T™(A)hy, by} do(h)
= f o[ h,](Ahy) do(h)
= [o[/1(4) dA(),

by the change of variable theorem and the stationarity of A,
= o(A).

Therefore condition (i) for ergodicity of o is proved.

Let B € 9. Leti,j € I and let ¢ be the first time of occurrence of j. Since I is a
recurrent class, o[i]({# < 00}) = ff = L.

So o[i](B) = o[il(B N (t < o)) = olil(t < ) - o[ jI(B) = ofj}(B), by the strong
Markov property. Thus of ji(B) = a for all j € I for some a, 0 < a < 1. Hence
o(B) = a. We shall prove that « has to be 0 or 1.

Let ¢ > 0. Since a is regular, there exists a clopen set K such that ¢(B A K) <
e/2. Let s be a stop rule such that Kp(h) = & for h € K¢ and Kp(h) = H for
h € K. (See [8] for the proof of the existence of such a stop rule.)

We then have

o(B 1 K) = [o[ p.(W)](B N K)p,(k) do(h)

= fK o[ p.(h)](B) do(h)
= a- o(K).
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Thus
a— o= o(B) —[o(B)]
<|o(B) — o(B N K)| +|a-o(K) —[a(B)]’|
<e/2+ /2 =c¢
As ¢ is arbitrary, « — a? = 0 and hence a = 0 or 1. The proof of the theorem is
thus complete.

REMARK. It is clear from the proof above that the triviality of the invariant
o-field for a recurrent chain does not depend on the stationarity of the initial
distribution. The proof given above has the same idea as the Purves-Sudderth [14]
proof of the Kolmogorov 0-1 law for the independent case. In fact the triviality of
the invariant o-field for recurrent chains could be proved by going over to the
blocks space using the blocks theorem and then applying the Kolmogorov 0-1 law.
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