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FINITELY ADDITIVE MARKOV CHAINS

BY

S. RAMAXRISHNAM

Abstract. In this paper we develop the theory of Markov chains with stationary

transition probabilities, where the transition probabilities and the initial distribu-

tion are assumed only to be finitely additive. We prove a strong law of large

numbers for recurrent chains. The problem of existence and uniqueness of finitely

additive stationary initial distributions is studied and the ergodicity of recurrent

chains under a stationary initial distribution is proved.

1. Introduction. In this paper we start the study of Markov chains with stationary

finitely additive transition probabilities and an initial distribution that need only be

a finitely additive probability. The first serious attempt to study stochastic

processes in a finitely additive setting was made by Dubins and Savage [8] who

studied gambling with finitely additive probabilities. Given any strategy, they

obtained a finitely additive probability on all clopen subsets of the infinite product

in a natural way. This enabled them to state and prove weak versions of various

convergence theorems. Dubins [7] showed how this measure can be extended to the

open sets. Purves and Sudderth [13] then showed that every Borel set can be

squeezed between an open set and a closed set. Therefore a strategy induces a

finitely additive probability on all Borel sets of the product space, unique subject to

some regularity conditions. Purves and Sudderth [13] then formulated and proved a

special case of the strong law of large numbers for the i.i.d. situation and a version

of the martingale convergence theorem. This was followed by a systematic study of

almost sure convergence for independent strategies and martingales by Chen ([2]

and [3]). In the same spirit we take up here the study of Markov chains.

In §2, after setting up the basic framework, we state some of the results from

earlier work in the subject, which we shall need in the sequel. In §3, we obtain the

strong Markov property which is fundamental for our theory. The classification of

states is studied in §4 and the notions of recurrence and transience are examined in

detail. §5 contains the very important blocks theorem which enables us to use in

our theory known results on almost sure convergence in an i.i.d. setting. In §6 we

study positive recurrence. §7 contains the strong law of large numbers for Markov

chains and a few other related results on almost sure convergence. §8 shows the

existence of finitely additive stationary initial distributions for any Markov chain.

It needs to be remarked that in the countably additive case, a countably additive
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stationary initial distribution need not always exist. In §9 the problem of unique-

ness is taken up. Although we do not have uniqueness in general, in many cases,

the uniqueness of the countably additive part can be shown. This section also

discusses the existence of countably additive stationary initial distributions for

finitely additive Markov chains. In §10 we construct a special stationary initial

distribution in case the chain has a positive recurrent state. We identify the limit in

the strong law as the integral with respect to this special stationary initial distribu-

tion. Finally in § 11 we prove the ergodicity of recurrent chains under a stationary

initial distribution.

Generally, in our proofs familiar arguments are carried through with the help of

stop rule techniques. We have drawn a lot of inspiration from the books of Chung

[5] and Freedman [10] which have greatly influenced our presentation.

2. Preliminaries, notations and definitions. Let / be an arbitrary nonempty set

equipped with the discrete topology. Let N be the set of positive integers. Let

H = IN and equip H with the product topology. Let /* be the set of all finite

sequences of elements of I, including the empty one. A strategy a is a function

which associates with each p G /* a finitely additive probability measure o(p),

defined on all subsets of /. In [13], Purves and Sudderth have shown that a strategy

a induces a finitely additive probability measure on a field é£(a) of subsets of H,

including %, the a-field of Borel subsets of H. This measure on &(o) is also

denoted by a. We shall now state some properties of the measure a which we shall

need.

The following notations will appear throughout. Let p, q G /* and h G H. pq is

the element of /* whose terms consist of the terms of p followed by the terms of q

and ph is the element of H whose terms consist of the terms of p followed by the

terms of h. If A ç H,Ap = {h G H\ph G A).

If p G /*, a[p], the conditional strategy, is defined by o[p](q) = o(pq) V q G I*.

A stop rule s is a function on H into N such that if h, h! belong to H and h¡ = h'¡

for / = 1, . . . , s(h), then s(h) = s(h'), where ht, h'¡ are the /th coordinates of h, h'

respectively. For h G H, n G N let p„(h) = (A„ . . . , hn), and, if í is a stop rule,

P,(h) = PnW where " = s(h)-

The following two propositions about a, which we shall use, are proved in [13].

Proposition 1. For every A E % and every stop rule s,

o(A)=fo[Ps(h)](APs(h))do(h).

Proposition 2. Let A\ A2, . . . be sets in $ .

(i) If s is a stop rule, then As e <$>, where As = {h G H: h £ A m).

(ii) If A ' D A1 D • • •   and A = n T-i A ">then °(A) = Infi a(AS)-

(iii) If A1 Q A2 Q ■ ■ ■   andA=VJ™,xAn, then a(A) = Sup, o(As).

(The infimum and supremum are taken over all stop rules s.)

Remark. Let s, s' be two stop rules such that s(h) > s'(h) for all h G H. Then

under the hypothesis of (ii) of Proposition 2, As Ç As' and under the hypothesis of
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(iii) of Proposition 2, As D As. Therefore it is enough to take the infimum and

supremum in the assertion of (ii) and (iii) respectively, over all stop rules s such

that s(h) > s0(h) V h G H where s0 is a fixed stop rule.

Definition. A strategy a is called a Markov strategy if o(/',, ...,/„) depends

only on n and in for all n G N and for all /„...,/„ G /. In such a case we say that

the strategy satisfies the Markov property.

Definition. A Markov strategy a is called a Markov strategy with stationary

transition probabilities if a(/,, ...,/„) = a(/„) for all /,, . . . , in G / and n G N (i.e.

a(/,, ...,/„) depends only on /„ and not on ri).

The measure induced on (//, 6£(a)) by a Markov strategy a is called a Markov

measure and the sequence of coordinate maps is said to form a Markov chain.

Since we shall never have occasion to talk about a Markov strategy that does not

have stationary transition probabilities, whenever we talk of a Markov strategy, it is

to be understood to have stationary transition probabilities.

For any strategy, the measure a0 which a associates with the empty sequence will

be called the initial distribution of the strategy. A Markov strategy a is completely

specified if we specify a0 and a(i), i G /. Since for many of our results it is

immaterial what the initial distribution is, we shall in such cases denote the Markov

strategy by {o-(/)},e/. When the initial distribution a0 is also important, we shall

denote the Markov strategy by {o0, {o(i)}ieI}.

3. The strong Markov property. Many of the important results about Markov

chains need a stronger version of the Markov property. In order to obtain that, we

first need to strengthen Proposition 1 of §2.

Definition. An incomplete stop rule / is a function on H into N \j {oo} such

that if h, h' G H and t(h) G N, then h¡ = h[ for i = 1, . . . , t(h) implies that

t(h) = t(h').

Lemma 1. Let t be an incomplete stop rule and s a stop rule. Then st = min(r, s) is

a stop rule.

Lemma 1 is well known and can be found in [8]. We omit its proof since it is

straightforward.

Lemma 2. Let t be an incomplete stop rule and s a stop rule. Let A G 9> be such

that A Ç {/i G H\t(h) < s(h)}. Then, for any strategy a,

o(A)=f       a[p,(h)](Ap,(h))do(h),

the integral above being taken over {h G H\t(h) < s(h)}.

Proof. Define s, as in Lemma 1. Then by Proposition 1 of §2, we know that

a(A) = fo[ps¡(h)](ApSi(h))do(h). Observe that since A C {h G H\t(h) < s(h)},

Aps¡(h) = 0 if h is such that t{h) > s(h); and if t(h) < s(h), j,(/t) = t(h) and

therefore ps (h) — p,(h). Hence Lemma 2 follows.
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Proposition 3.  Let t be an incomplete stop  rule and A El %   be such  that

A C {h G H\t(h) < oo}. Then, for any strategy a,

a(A)=[ a[p,(h)](APl(h))da(h).•V<°°}

Proof. Let A" = {h G H\h G A and t(h) < «}, « G M Clearly ^'ç^2

Ç • • • and \J™=1 A" = A. Further As = A n {t < s} for every stop rule s.

Hence by Proposition 2 of §2 and by Lemma 2 of this section,

a(A) = Sup o(A') = Sup [       a[p,{h)](Asp,(h)) do(h)
s s     J{t<s)

Observe now that, for h such that t(h) < s(h), A spt(h) = Ap,(h).

:    o(A) = f a[Pl(h)](APl(h)) da(h)

Inff a[pt(h)}{Ap,{h)) do(h).
s    J{<x>l>s)

Further, by Proposition 2 of §2,

a{{t < oo}) = of  U  {t < «}) = Sup a({t < s}).

Hence 0 < Inff j(oo>l>s)o[p,(h)](Ap,(h)) da(h) < Inf, o({oo > í > s}) = 0. Conse-

quently Proposition 3 follows.

Definition. Let A E 9> and let t be an incomplete stop rule. Say that A is

conditionally determined given t if (i) A Q {t < oo) and (ii) there exists B G %

such that Ap,(h) = 5 for all A such that t(h) < oo.

Examples, (i) Let / G /. Let

t(h) = n    if /im =¿ /', 1 < m < n - 1 and h„ = í,

= oo    if An 7^ /' for all n E N.

This / will be called the incomplete stop rule corresponding to the first occurrence

of /'. Let A = {h E H\hn = ¿for some n E N). Thenyl is conditionally determined

given t, with B = H.

(ii) Let / be the incomplete stop rule corresponding to the first occurrence of i

and let A = [h G H\hn = / for infinitely many n E N). Then A is conditionally

determined given t, with B = A.

From now onwards, for the rest of the paper, a will stand for a Markov strategy

with stationary transition probabilities.

Theorem 4 (Strong Markov Property). Suppose A is conditionally determined

given t. Suppose further that there exists i G / such that /t((A) = /' for all h such that

t(h) < oo. Then a(A) = a[i](B) ■ a({t < oo}) where B is such that Ap,(h) = B for

all h G {/ < oo}.
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Proof. It follows from Proposition 3 that

o(A)=f o[p,(h)](APl(h))do(h)

= / o\i](B) do(h),   by the hypotheses and the Markov property,
J{t<co)

= a[i](B)a({t < oo}).

4. Classification of the state space. We shall refer to / as the state space of the

Markov chain and to elements of / as the states of the Markov chain.

For j E I and n E N, let A" denote the set of all h € H such that hn = /. Let

*/ « U J-, A*. Let Aj -U,"., A/ - U "i */• Let i,j El.
Definition. We shall say that i weakly leads to j (denoted by / -*J) in case

a[i\iA.) > 0. We shall denote o-[/](A) by ft.
S

Definition. We shall say that / strongly leads to j (denoted by /' —» j) in case

°[i](Aj") > 0 for some n E N.

Remark. Always, if /' —>j then i -*J. If we assume that a is countably additive,
W

i.e. if a(p) is a countably additive probability measure for each p E I*, then i -*j
s

implies that / —*j.

Example 1. Let I = N. Let a be a stationary Markov strategy such that

a(0) = A, where A is an arbitrary finitely additive probability measure on /,

a(l) = y, where y is a purely finitely additive probability measure, and o(n + 1) =

3„, the Dirac measure at n, n G N.
w s

It is easy to see that in the above example 1 —> 1, but 1 —»• 1 is not true. Thus the

notions of /' strongly leading to j and /' weakly leading to j are not in general

equivalent.

Proposition 1. /'—>/' iff, for some stop rule s, a\i](A,s) > 0.

Proof. Since Aj ç Aj for all stop rules, o[i](Aj) > 0 for some stop rule s implies

that_/£ > 0. Conversely, suppose that_/£ > 0. By Proposition 2 of §2,

f* = a[i](Aj) = a[/]^ U Bjj = Supa[i](B/).

Hence there exists a stop rule s such that a[i](Bj) > 0. Let / be the incomplete stop

rule corresponding to the first occurrence of y and define 5, = min(/, s). Clearly

Bj Q Aj1. Therefore a[i](Aj') > 0 and thus the proof of the proposition is com-

plete.

Remark.^ = SuPj c[i](Aj).

Definition. Let sv s2 be stop rules, i, composed with s2, denoted by j, * s2, is the

stop rule defined by

5, * s2(h) = í,(/i) + J2(/iJ)(A)+1, hs¡w+2, . . .),       h E H.

Proposition 2 (Chapman-Kolmogorov Equations). Let i,j G I and let s„ s2

be stop rules. Let [i be the measure on I defined by \i(J) = a[/]({/i G H\hs (A) G J})
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for every J C I. Then

°[i](Af"Si) = /°[k](A;2) Mk).

Proof. By Proposition 1 of §2, we have

o[i](4""0 = fo[ipSi(h)](Aj>^ps¡(h)) da[i](h)

= J°[hSiW](Aj>)do[i](h).

The proof of the proposition is completed by applying the change of variable

theorem (see Lemma 8, page 182 of [9]).

Corollary 3. For i,j, k E I,

(a) / —*j, j —* k implies i —> k.

(b) i -^>j,j —* k implies i —* k.

Proof. It follows from the Chapman-Kolmogorov equations that o[i](A¿' '*2) >

a[i](Aj') ■ o[j](A¿2) for i,j, k G I and all stop rules s,, s2. Assertion (a) now follows

from Proposition 1 of this section. In order to prove (b), observe that if i, = n, and

s2 = n2, /i,, «j G N, then i, * s2 = «, + n2 and use it in the above inequality.

Assertion (c) follows by taking supremum over all stop rules *,, s2 in both sides of

the above inequality.
s

Definition. A state /' is said to strongly communicate withy in case /'—*j and
. s . s   .

j —* i. In such a case we write / <-»y.
w w

A state i is said to weakly communicate with / in case i-*j and 7 —> i. In such a

case we write 1 <->j.
W S WS

On the set of all states / such that i*->i (i<-+i), <-» (<-») is an equivalence

relation.  We thus get a partition  of such states into equivalence classes.  By
w s

considering {/'} for i such that /' —> i (i —»í) is not true, we get a partition of the state

space into classes called weakly (strongly) communicating classes. Since i**j
w

implies  that i*+j,  every weakly communicating class is a union  of strongly

communicating classes.

Definition. A state /' is called recurrent if f¡¡ = 1. Otherwise it is called transient.

Let Gj = lim sup,,^ Aj and gij = o[i\(Gj), for i,j E I.

Proposition 4. g0 = ff¡gjj.

Proof. Let / be the incomplete stop rule corresponding to the first occurrence of

j. Then G, is conditionally determined given / and Gjp,(h) = G, for all h G {t <

00}. Hence by the strong Markov property

Proposition 5.

gij = f$    ifj » recurrent,

= 0    ifj is transient.
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Proof. Let Gj" = {h\ at least m coordinates of h are /} and let g0(m) =

a[i](Gj").

Let / be the incomplete stop rule corresponding to the first occurrence of j. For

m E N, Gj"+l is conditionally determined given t and Gj"+1p,(h) = Gj" for h G {/

< oo}. Thus, by the strong Markov property, we have, for all m G N,

giJ(m + 1) = a[j](Gj")a[i]({t < oo}) = ftgM(m).

A repeated application of the above equality gives us g^m -+- 1) = ft(ft)m for all

m E N. If j is transient, by Proposition 2 of §2,

gij = lnîo[i](Gj)<   Inî c[i](Gj")
mSN

< ™Nmr = o.

Suppose now that J is recurrent. It follows from what we have proved that

gJm) = ft for all m E N. We shall prove by an induction on the structure of stop

rule í that o[i](Gj) = ft for all stop rules s. (For an account of the hierarchy of

stop rules see [8].) In view of Proposition 2 of §2, this is enough to prove our

proposition. We have already shown that a[i](Gj) = ft for all stop rules of

structure zero. Assume that for all /' G / and stop rules 5 of structure < a, we have

shown that o[i](Gj) = ft. Now let s be a stop rule of structure a.

Recall that / is the incomplete stop rule corresponding to the first occurrence of

j. By Proposition 3 of §3,

i[/](G/+1) = f o{ip,{h)](Gj+Pt{h))do[i]{h)

o[j]{Gj») do[i]{h)I.
where sh is the stop rule defined by sh(h') = s(p,(h)h'). For all h such that

t(h) < oo, sh is a stop rule of structure < a. Hence by the induction hypothesis the

integrand is identically equal to^* = 1. Therefore o[i](Gj+l) = <r[/']({< < oo}) =

ft. But ft > a[i](Gj) > o-[/](G/+1) = ft. Hence the proof of the proposition is

complete.

Remark. In the course of the proof we have also proved that for any / G /, if

Y(i) is mapping on H defined by Y(i)(h) = number of coordinates in h which are

equal to /, then the distribution of Y(i) is geometric under a[i].

The following is an immediate corollary of Proposition 5.

Corollary 6.

g„ = 1      if us recurrent,

= 0      if i is transient.

The rest of the section is mainly devoted to showing that in a weakly communi-

cating class either all states are transient or all states recurrent.

Lemma 7. If i is recurrent and i —>j, then j —* i.
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Proof. Suppose on the contrary that there exists ay such that 7^ > 0 but ft = 0.

Consequently, gß < ft = 0. Then

g» = o[i]{Gj) = o^G, n Aj) + a[i](G, n Aj).

Now a[/](G,. n Aj) < a[/](^l/) = 1 - ft < 1 since/? > 0.

Also G¡ n Aj is conditionally determined given /, the time of first occurrence of

j. Further (G, n Aj)p,(h) = G, for all h E {t < 00}. Hence by the strong Markov

property

*[i](Gt n Aj) = alJ^G,) ■ a[i]({t < 00}) = g^ = 0.

Hence gu < 1, a contradiction, since by Corollary 6, g„ = 1 as / is recurrent. This

proves the lemma.

Proposition 8. If i is recurrent, i j*j and i-*j, then gtj = 1.

Proof. Let s' and s be stop rules such that s\h) < s(h) for all h G H. Then

a[ <]({A: hn = i for some n > s(h) and hn ¥=j for all n > s'(h)})

< o[/]({A: (3 m > s(h))(h„ =£j for s'(h) < n < 5(A), A„ ̂ = » for

j(A) < n < m, hm = i, h„ ¥=j for n > m)}).

Let Cfy denote the event on the right side of the above inequality. Define

/(A) = n      if n > s(h), h„ = i, hm *j for s'(h) < m < s(h)

and hm ^ / for s(h) < m < n,

= 00     if no such n exists.

Then / is an incomplete stop rule and Cs¿ is conditionally determined given /, with

Csyp,(h) = Aj for all A G {/ < 00}. Hence by the strong Markov property,

o[i](CsJ = o[i](Aj)o[i]({t < <»})

= (1 - ft)a[i]({h: h„ = f for some n > s(h) and hm ¥-j, s'(h) < m < s(h)}).

Taking infimum over all stop rules j such that s(h) > s'(h) for all A on both sides of

the last mentioned inequality and using Proposition 2 of §2, we get

a[/]({A: A„ = /' for infinitely many n, h„ =£j for n > s'(h)})

< (1 - fy)o[i]({h: h„ = i for infinitely many n, h„ ¥=j for n > s'(h)]).

Since ft > 0, it follows that

o[/]({A: hn = i for infinitely many n, hn ¥=j for n > s'(h))) = 0.

This being true for every stop rule s', by Proposition 2 of §2 again, o[i](G¡ n Gj) =

0.

But a[i](G¡) = 1 (1 is recurrent).

So o[i](Gj) = 0[/](G,. n G,) = 1.

Theorem 9. Let i be recurrent. Suppose i—>j. Thenj is recurrent andgy = gj¡ = 1.

Consequently, all states in the weakly communicating class containing i are recurrent.

Proof. Under the hypotheses of the theorem, g0 = 1 by Proposition 8. There-

fore, by Proposition 4, gM■ = 1. Hence / is recurrent by Corollary 6. By Lemma 7,
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w
_/'—» /. Thus, once again by Proposition 8, we get gjt = 1. The proof of the theorem is

therefore complete.

5. The blocks theorem. Let i be a recurrent state. We fix this / for the rest of the

section. For each n G N, let t(n) be the incomplete stop rule corresponding to the

nth occurrence of ». Let F be the set of all nonempty finite sequences of elements of

I whose last coordinate is / and none of the other coordinates is i. Let ß = FN.

Equip ß with the product of discrete topologies and let ^ be the Borel a-field on ß.

On G„ we define a sequence { ß„} of functions into F called the block variables as

follows:

ß\(h) = p,w(h)    and   ßn+ ,(A) = (A,(n)+,,..., A,(„+1})

for all A G G, and n E N. Let Í» be the mapping on G, into ß defined by

$(A) = (ßi(h), ß2(h), . . .). Clearly $ is 1-1, onto ß and is in fact a (topological)

homeomorphism (G, has the relative topology). To see the last part it is enough to

look at the forward image and inverse image of sets from the canonical base of

clopen sets and observe that they are open.

Let A' be a topological space. Let & be the a-field of Borel subsets of X.

Definition. A finitely additive probability P on (X, &) is said to be regular just

in case

(i) for every open set U in X, P(U) = Sup{P(K): K clopen, K C U) and

(ii) for every Borel set A in X, P(A) = Inf{P(C/): U open, U D A).

Lemma 1. Let P and P' be regular measures on topological spaces X and X', with

Borel a-fields &, &' respectively. Let ^ be a homeomorphism of X onto X'. Assume

further that for all K clopen in X', P'(K) = P(^-\K)). Then P\A) = P(fff-\A)) for
all A G &'.

The proof is omitted as it is straightforward.

Let y be a measure on F defined by

y(D) = «[/^(^-'(Z)))    for allí» C F.

y is clearly finitely additive and is a probability, since / being recurrent, a[i](G¡) =

1. Let 77 be the i.i.d. strategy on F induced by y, i.e., tr(p) = y for all finite

sequences p of elements of F. As usual let n denote the measure induced by this

i.i.d. strategy on (ß, f).

Theorem 2 (Blocks Theorem). For each ief,

tt(B) = a[,](<!>-'(/?)).

Proof. Since all strategic measures are regular [13], it and a[i] are regular. Since

°l'](G»-) = 1> restriction of a[i] to G, is regular. Further í>, as defined in the

beginning of this section, is a homeomorphism of G, and ß. Hence, in view of

Lemma 1, it is enough to show that ir(K) = o[i]($>~l(K)) for all K clopen in ß. We

shall prove this by induction on the structure of the clopen set. (See [8] for an

account of the hierarchy of clopen sets.)

If K = 0, tt(K) = 0 = o[i]($-\K)) and if K = ß, n(K) = 1 = o-[i'](G,) =

a[/](i>"'(ß)) since / is recurrent. So the result is true for clopen sets of structure zero.
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Assume that we have proved the result for all clopen sets of structure < a. Let K

now be a clopen set of structure a. Then

■ïï(K) = l tr(Kx) dy(x),    by Proposition 1 of §2 and change of variable theorem,

= fo[ i](<S>-\Kx)) dy(x),   by induction hypothesis,

= I  a[ i'](4> '(AT/S^A))) do[ ;'](A),    by change of variable theorem,

= f o[i](($-\K))pl(l)(h))do[i](h)

Í r .-./V^-l/r^x /,x\    ,   r   i,*\

/ C
'{/(1)<00)

= a[ /K^-'iA")),    by Proposition 3 of §3.
L J

Hence the theorem is proved.

= / a[i]((*-'(JO)/W*)) «MOW

6. Positive recurrence. We begin with a lemma on finitely additive integration.

Let X be an arbitrary nonempty set, 6£ a a-field of subsets of X and P a finitely

additive probability on X. A random variable ß is an extended real valued

measurable function on (X, &).

Following [9], for an unbounded nonnegative random variable ß, by / ß dP we

shall mean Sup„ ¡ ß ¡\n dP where ß f\n = min( ß, ri). For a random variable

which is not necessarily nonnegative, we define / ß dP = / ß+ dP — f ß~ dP,

provided the right side makes sense, where ß + = max( ß, 0) and ß ' = max(-y3, 0).

Lemma 1. If ß is a nonnegative, extended integer valued random variable on

(X, &, P), then

f ßdP=2P({ß >»}).

Proof. It can easily be verified that, for m = 1,2,...,

m

f(ßArn)dP=  S   P({ß >"})■
J n-\

The result follows by taking the supremum over m.

The next lemma is a finitely additive version of Wald's identity.

Let X be an arbitrary nonempty set. A sequence {Z„} of functions on A''' is

called a sequence of identical coordinate mappings if there exists a function Z on X

such that Zn(xx, . . . , xn, . . . ) = Z(xn) for all (xt, . . . , xn, . . . ) G XN and for all

n.

Lemma 2 (Wald's identity). Let p be an i.i.d. strategy on X and let {Z„} be a

sequence of identical coordinate mappings which are bounded below by the constant 1.

Let   T   be   an   incomplete   stop   rule   and   ST  = 2^,_! Zn.    Then    f ST dp =

(/ Z, dp)(j T dp).
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Proof. We may assume that / Z, dp < oo, for otherwise the result is trivial.

Suppose first that r < m and letft-

Yn = 1    if t > n,

= 0   if t < n.

Then ST = 2?. ,Z„y„. Consequently,

^ «=i ^

= 2 I / Z„ dp\l I Yn dp\,   because t is an incomplete stop rule,

= (/z,¿p)(2   p({r>n})J
. . .

= Í [ZtdpM frdpl

For the case when t is unbounded, observe that ST /\n < 5TAn because t < n

implies 5tA„ = ST and t > n implies StA„ = Sn > n. Hence,

STdp = Sup Í (5T A «) ¿P = Sup I STA„ i/p

= Sup(j"z, ¿p)(/(tA«)4>) = (/Z, dp^frdp}.

This completes the proof.

Remark. A much more general form of Wald's identity has been proved in [15].

The proofs given above of Lemma 1 and the special case of Wald's identity were

suggested by the referee.

Returning to Markov chains, for i,j G /, let nty stand for / t da[i] where t is the

time of first occurrence of ay.

Definition. A recurrent state y is called positive recurrent in case m^ < oo. It is

called null recurrent if m» = oo.

Remark. If m^ < oo, by Lemma 1, 2"_! a[y']({/ > n}) < oo, so o[j]({t > n}) —>

0 as n —» oo and hencey is recurrent.

Let / be recurrent and / ¥=j. Let F be the space of /-blocks as defined in §5. Let

D be the set of elements of F having at least oney.

Define 0 on G, as follows:

0(A) = n    if ßm(h) $ D, 1 < m < n, and /3„(A) G D,

= 00    if no such n exists.

Let i(l) and / be the time of first occurrences of / and y respectively.

Lemma 3. Suppose i^j. Then a[i]({t < r(l)}) > 0 and a[y]({r(l) < t)) > 0.

w w

Proof. Since i is recurrent and i—>j implies that y is recurrent andy'^/, it is

enough to show that a[i]({t < /(l)}) > 0. Clearly ¿8f'(£>) = {t < t(l)}. If

°['Kßf'(¿0) were zero> by the blocks theorem and the Borel-Cantelli lemma [13], it

would follow that g0 = a[/'](G,) = 0. This is a contradiction because gtJ = 1. Hence

the lemma is proved.
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w
Lemma 4. If i -»y, / 9 da[i] < oo.

Proof. Under the hypothesis, by Lemma 3, a[i](ßl'\D)) (say equal top) is

positive. Observe that

[0da[i]=  f a[i]({9 >n})
J n-l

- 2 o[i]\ n&-w
«=1 \ k=*l /

= 2 (1 ~ p)"   >   by the blocks theorem,
n=l

= l//> < oo,   because/> > 0.

Let {\,} be the sequence of functions on G, defined by A,(A) = f(l)(A) and

\,+ 1(A) = t(n + 1)(A) - t(n)(h), n E N, where t(n) is the time of «th occurrence of

i. Let Sg be defined on G, by S„(h) = 2^, \,(A).
w

Lemma 5. If i -*j, f S0 da[i] = m¡j + mß.

Proof. Observe that t(h) < S9(h) for all A G G, where / is the time of first

occurrence of ay. Define on G, the function r by

r(h) = S9(h) - t(h)    if t(h) < oo,

= oo    otherwise.

Clearly r is a nonnegative extended integer valued function such that

Se(h) = t(h) + r(h)    for all A G G,.

Therefore / Se da[i] = / t da[i] + f r da[i]. Since by definition / / da[i] = miJy it is

enough to show that / r da[i] = mß. Now

/•¿/ah] =  Y aí/l({r > n})

OO

= 2 a[']({/ < °°andr > "})> since^ = i>
»-i

=  2 »[']({'< °oandS# >/ + «}).
n=- 1

The event An (say) in the «th term of the summation is conditionally determined

given / and Ajj^h) ■= (r(l) > n) for all A G {r < oo} and n G N. Therefore by the

strong Markov property,

jrdo[i] =  2 o[j]({t(l) > n))a[i]({t < oo})
"=i

=  Ï o[j]({t(l) > n}) = mß.
n-l

W

Proposition 6. If i is recurrent and i -n>y, then mu < mi} + mß and mß < m¡j +

mß.
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Proof. As before it is enough to show that mu < m^ + mß. The case i = y being

trivial, we can also assume that /' ¥=j. By Lemma 5, / S9 da[i] = m¡j + mß. But

/(1)(A) < S9(h), A G G,.

Therefore m   = / r(l) do[i] < / S9 do[i] = mu + m .

Remark. It therefore follows that if / is recurrent and / -»/, and further m¡¡ < oo

and mß < oo, then i and y are both positive recurrent.

w

Theorem 7. Let i be a positive recurrent state and i—*j. Then j is positive

recurrent. Further m^ < oo and mß < oo. Consequently, in a weakly communicating

class either all states are positive recurrent or none is.

Proof. We assume that i ¥=j since otherwise the result is trivial. In view of

Proposition 6, it is enough to prove that mu + mß < oo. By Lemma 5, this is

equivalent to proving that / S9 da[i] < oo. Using the blocks theorem and the

change of variable theorem it is easy to see that / S9 da[i] = / S8 ° 4>_1 dir, where

4> is the homeomorphism from G, onto FN defined in §5. Note that 9 ° 4>_1 is an

incomplete stop rule and {A„ ° <P~1} is a sequence of identical coordinate mappings.

Therefore by Wald's identity and then the change of variable theorem,

fs9do[i]=(f\ido[i]))(f9do[i]}.

Now / A, da[i] is finite since i is positive recurrent and / 9 da[i] < oo by Lemma 4.

Therefore the theorem is proved.

Remark. If m0 < oo, as before we can show that a[/]({/ >n})-»0 as n —> oo.

Therefore lim„ a[/]({i < n}) = 1. Hence for some n, o[i](Aj) > 0. Consequently

i—*j. Therefore a positive recurrent weakly communicating class is necessarily
s . .   .

strongly communicating. In particular i *-> i if i is positive recurrent.

We conclude this section by giving an example of a Markov chain corresponding

to a strategy a which is not countably additive where the state space is one positive

recurrent class.

Example. Let I = N. Let a(0) be an arbitrary finitely additive probability on I,

a(l) = 2~_2jp„o„ + (1 - 2~_2/>„)y, where 0 <Pn < 1 for all n > 2 and Z~_2pn

< 1 and y is a purely finitely additive measure on I, o(n + 1) = 3„ n E N.

Clearly / is one weakly communicating class and is positive recurrent since

mn = 2.

7. The Strong Law of Large Numbers (SLLN). In order to prove the Strong Law

of Large Numbers for Markov chains, we need the following version of the Strong

Law of Large Numbers for i.i.d. strategies.

SLLN for i.i.d. strategies. Let p be an i.i.d. strategy on X and {Z„} a sequence of

identical coordinate mappings. If / Zn dp = ¡i for all n E N where ß is a real

number, then p({w: Sn(w)/n-+n}) = 1 where Sn(w) = 2£_, Zk(w), w G XN. If

/ Z„ dp exists and is equal to oo (i.e. if / Z„+ dp = oo and / Z~ dp < oo) for all

n E N, then p({w: Sn(w)/n —> oo}) = 1. Similarly if / Z„ dp exists and is equal to

-oo for all n E N, then p({w: Sn(w)/n —> -oo}) = 1. (For a proof of the above

theorem see [2] and [3].)
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Coming back to Markov chains, let / be a real valued function on the state space

/. Let / be a recurrent state. For each n G N, let /(«) be the random variable

defined by l(n)(h) = 2*., 3,(Afc) where 9,(y) = 1 if / = y and 0 if i ¥=j.

Define p¡(f) = /[2"_i/(At)l{/(1)>itj] do[i], provided the integral exists. The in-

tegrand is the sum of the/ values of terms in the first /-block.

Remark. Observe that if/+ and/- denote the positive and negative parts of/

then n¡(f) = ¡JLi(f+) - ¡¿¡if) provided either /i(.(/+) < oo or ju,(/~) < oo. (How-

ever jti,(/) could be defined even if jn,(/+) = Mi(/~) = «>•)

In what follows i is assumed to be recurrent.

Lemma 1. If either u¡(/+) < oo or fí¡(f~) < oo,

"['■]({* = ^k = lJ\   k) .   ( f\\\  _   1

l(n)(h) *U)})      K

Proof. We shall prove the result for a general nonnegative / In that case we

would have the required result for/+ and/- and that would suffice in view of the

remark made above. So assume / > 0. Define a function Z on F, the set of all

finite sequences with last coordinate / and none of the other coordinates i, by

Z(/„ ...,/„) = 2^=i/('*)• Now define a sequence {Z„} of identical coordinate

mappings on (ß, <5) by Zn(u>) = Z(wn), to G ß, n G N, w„ being the nth coordinate

of w (ß, ÍF, $ and tt are as defined in §5). Since it is an i.i.d. strategy, by SLLN for

i.i.d. strategies, tt(B) = 1 where

= |«:--»ft(/)5

Hence by the blocks theorem o[j']($-1(.B)) = L Since/ > 0,

2gl>i*>Zt(*(Ji)) ̂ 2X=,/(A,) ^ Sgl^^'Z^W)    ■      „.   _^
/(„n*)   < -?öö(*r *—iww— forall*e^

Further l(n)(h) -* oo as « —» oo on G,. Therefore

and the proof of the lemma is complete.

Corollary 2. If f and g are functions on I such that (i) either ¡i¡(f+) < oo or

li¡(f~) < oo, (ii) either ju,(g+) < oo or fx¡(g~) < oo and (iii) either 0 < | /!>(/)! < oo

or 0 < | /t,(g)| < oo, then

,.,(/, s'.-./W   «con

Proof. In view of assumptions (i) and (ii), Lemma 1 can be applied separately to

/ as well as g and because of (iii) division can be carried out on the common set of

convergence.

Corollary 3. Let f be such that either ii¡{f+) < oo or ft,(/~) < oo. Assume that

either  i  is positive  recurrent  or 0 < \ ju,(/)| < oo   (/  is  already assumed to  be

recurrent).    Then    a[/]({5„(A)/« -> n,(f)/mu}) =  1,    where S„(A) = /(A,)

+ ' • • +/(/>„)•
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Proof. Let g be the function defined by g(y') = 1 for all j E I. f satisfies

condition (i) of Corollary 2 by assumption and g satisfies (ii) because g is

nonnegative, (iii) is satisfied because 0 < |/i,(g)| = mu < oo if / is positive recur-

rent; otherwise we anyway assume 0 < | ju,(/)| < oo. Therefore by Corollary 2, the

result follows.

_ w

Proposition 4. Let f be such that either ¡i¡(f ) < oo or /t,(/ ) < oo and let i—*j.

Assume that either i is positive recurrent or 0 < | jUj(/)| < oo. Then

hin«(H m¡¡
= 1.

Proof. Observe that if A = {A: S„/h -> |u,(/)/m„}, then A n {t < oo}, where t

is the time of first occurrence of ay, is conditionally determined given / and further

(A n {t < oo})y?,(A) = A for all A such that /(A) < oo. Therefore by the strong

Markov   property,   o[i](A) = a[i](A n {t < oo}) = a[y'](^f) • a[i]({t < oo}) =

a[j](A). The result now follows from Corollary 3.

W

Corollary 5. Let i be positive recurrent and i —>j. Let f be such that (i) either

li¿(f+) < oo or (i¡(f~) < oo, and (ii) either ju,(/+) < oo or jit,(/-) < oo. Then

K,(/)M, - M,(/)/»V

Proof. Since / is positive recurrent and i—*j, j is also positive recurrent.

Therefore by Corollary 3 applied toy, Sn/n converges to Hj(f)/mß on a set of

a[y"]-measure one. Also by Proposition 4, Sn/n converges to ju,(/)/m„ on a set of

a[y']-measure one. Therefore the result follows.

W

Corollary 6. If i is positive recurrent and i —*j, for each subset E of the state

space,

miW/fh, = ^E)/mr

Proof. Immediate from Corollary 5 by taking/ = 1£.

Theorem 7 (SLLN). Let I be a recurrent class under a Markov strategy a. Let f be

a function on I such that either ^(f + ) < oo or ju¡(/-) < oo for some i E I. Assume

that either I is a positive recurrent class or 0 < | ju,(/)| < oo. Then

m-m-'
Proof. By Proposition 5, a[y']({A: Sn/n -^ ju,(/)/w,,}) = 1 for ally" G /. Further

if a0 is the initial distribution of a,

by Proposition 1 of §2. Thus the result follows.

Many important limit theorems for Markov chains follow as special cases of the

above theorem. We give below two such as examples.
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iWtâhr
Corollary S. If I is a recurrent class,

Proof. In Theorem 7, take/ to be the function defined by

f(j) = 1    if y = /,

= 0    if / ¥= i

Corollary 9. If I is a positive recurrent class and i E I, then

o({h:t(l(n))/n-*\})=l,

where, as before, for each k E N, t(k) is the time of kth occurrence of i.

Proof. In view of Corollary 8, it is enough to show that

a({A:i(/(«))/7(«)^m,})=l.

This would follow if we show that a[y']({A: t(l(n))/ l(n) —* mu}) = 1 for each/ G /.

By applying the blocks theorem and SLLN for i.i.d. strategies to the block length

functions {A„} defined as in §6, we can show that a[/]({/(/(«))//(«) -» m„}) = 1.

Now an argument similar to the one used in the proof of Proposition 4 shows that

°U]({^H n o) - «[.]({^-».} n <*)   fo,.u, e /.

Therefore

This completes the proof of the corollary.

8. Existence of stationary initial distributions. Let {a(/)}ie/ be a Markov strategy.

Definition. A stationary initial distribution A for {a(/)},e/ is a finitely additive

probability measure defined on all subsets of / such that

/•
a(j)(E) d\(j) = \(E)   for all E Q I. (1)

Suppose / is a Banach limit (see page 73 of [9]).

Lemma 1. Let {\} be a sequence of finitely additive nonnegative measures defined

on all subsets of I such that there is a positive real number K with \„(I) < K for all

n E N. Define the finitely additive measure X by X(E) = 1({X„(E))) for all E Q I.

Then for every bounded real valued function f on I, /({/ / £/\,}) = / / d\.

(In particular if {\) and X are finitely additive measures such that (i) \,(7) < K

for all n E N and some positive real number K and (ii) Limn \,(£) = X(E) for all

E C I, then for every bounded real valued function/on/

Lim ffd\=ffdx)

Proof. If /= \E, E ç /, the result is true by definition. Hence by linearity of

the Banach limit, the resiilt is true for simple functions. The general formula

follows after approximation by simple functions.
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For each n E N and / G / we shall now define inductively a measure a"(/)(-) on

all subsets of /. Set a\i) = a(/), / G / and an+ '(/)(£) = / a(y)(£) da\í)(J), E Q

I, n E N.

It is easy to check inductively that a"(/) is a finitely additive probability for all

n E N and all / G /.

Theorem 2. Every Markov strategy {a(/)}/e/ has a stationary initial distribution.

Proof. Fix an / G I and a Banach limit /. Let A„ = a"(/), n E N. Then we claim

that X defined as in Lemma 1 is a stationary initial distribution. This is because

Lemma 1 applied to each of the functions fE defined by fE(J) = o(J)(E) for all

j E I, E <Z I, gives us (1).

As is evident from the proof of Theorem 2, the stationary initial distribution for

a Markov strategy {a(/)},e/ is not in general unique. We give an example to show

that even in the case a(i) is countably additive for each / G /, there can be many

stationary initial distributions.

Example. I = N. a(l) = 2^L2/?„9„ where pn is a sequence of nonnegative real

numbers such that (i) 2„°_2p„ = 1, (ii) 2"_2 npn < oo, 9„ being the Dirac measure

at n, and a(n + 1) = 9„, n G N.

In the above example it is easy to see that / is a positive recurrent class. It is

known in such a case that there is a unique countably additive stationary initial

distribution. (See [5] or [10].) However every finitely additive probability X on all

subsets of N such that X(E) = X(E + 1) for all E Q N where E + 1 = {n + 1:

n 6 £}, is a stationary initial distribution. Every Banach limit induces one such

measure and such measures are necessarily purely finitely additive. Therefore in the

above example, the convex set of stationary initial distributions is quite large.

9. The countably additive part. Even though we cannot assert uniqueness of the

stationary initial distribution, it is possible in many cases to prove uniqueness of

the countably additive part up to multiplication by a constant.

Lemma 1. If i E I is transient then f Y(i)(h) do(h) < oo where y(/)(A) =

2"_! 9,(A„), 9, being the function on I defined by

3,0) = 1    ifi-j,
= 0   otherwise.

Proof. Since Y(i) is nonnegative and extended integer valued,

/ H<X*)*(*)- 2>((n0>»)).
n=i

If /(l) is the time of first occurrence of /, then by the strong Markov property

applied to each term in the summation,

Y(i)(h)do(h) =  2 «({'(1) < oo})a[i]({y(i) >n - 1})
n-l

= Ï o({t(i)< n})(fty->
n=\

Í
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since Y(i) is geometric under a[i] (see remark after Proposition 5 of §4),

a({r(l)<oo})
= ——r^———— < oo,   because i is transient.

Jii

Theorem 2. Let X be a stationary initial distribution for a Markov strategy

(a(/)},e/. Suppose i E I is transient. Then A({/}) = 0.

Proof. Consider the Markov strategy a = {X, {a(/)}ie/}. It can easily be

checked by induction that

flE(hn) do(h) = X(E)    for all E Ç / (2)

for each n E N.

In particular from (2) it follows that / 9,(A„) do(h) = X({i}) for every n G N.

Consequently 2^_i / 9,(A„) do(h) < oo if and only if X({/}) = 0. Since / is tran-

sient, and since

[ Y(i)(h) do(h) = f    2  3,(A„)   da(h)>  2   f Uh„) da(h),
J J   [ n~\ J n = l J

an application of Lemma 1 completes the proof of the theorem.

Remark. Equation (2) holds for any stationary initial distribution X for any

Markov strategy a = {A, {a(/)}/e/}.

Corollary 3. Let I be a countable transient class under {a(/)}/e/. Then every

stationary initial distribution is purely finitely additive.

Proof. Immediate from Theorem 2.

We shall next study the stationary initial distribution on recurrent states. For this

we shall need to prove a ratio limit theorem. We first prove a few lemmas needed

for the purpose.

For each of the Lemmas 4-8, we assume that / is a recurrent class and /, j are

states in / such that / =£j. Let / be the incomplete stop rule corresponding to the

first occurrence of j. For every k E N let t(k) be the incomplete stop rule

corresponding to the /cth occurrence of /. Let Z,(A) = 2'^,ï*) 97(Am), Zk+l(h) =

2m*-+r(*xA)+i 3/(AJ> k E N for all A G G,. If a is a Markov strategy (under which /

is a recurrent class),

Lemma 4. / Z, da[j] < oo.

Proof.

[zido[j]=   2   a[y]({Z1>m})=   |   9",
J m~\ m-1

where 9 = a[y']({/ < t(l)}). The last equality follows by repeated application of the

strong Markov property to the incomplete stop rule /' defined by

/'=/    if t<t(\),

= oo    otherwise.

Observe that 1 - 9 = 1 - a[j]({t < i(l)}) = a[y']({r(l) < /}) which is positive by

Lemma 3 of §6. Therefore 9 < 1 and the lemma follows.
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Lemma 5. / Z, da < / Zx da[j] + 1. Consequently / Z, da < oo.

Proof. / Z, do - 2~_, a({Z, > m}) = 2"_, o({/' < oo})a[y]({Z, > m - 1})

by the strong Markov property where /' is the incomplete stop rule defined in proof

of Lemma 4. Therefore

Jz1<fo-0({7<«})Ji+ 2 «[/]({z, >»»})}

<  I Z, i/a[y 1 + 1.

The previous lemma then implies that / Z, da < oo.

Lemma 6. For k > 2, / Zk da = / Z, Ja[/].

Proof.

/Z, ¿a =   f  °({Z* >m))=   f  °({'(* - 1) < oo}) • a[i]({Z} > m))
m—\ m=\

by the strong Markov property. Since / is a recurrent class, it follows that

o({t(k - 1) < oo}) = 1. Hence / Zk da = 2"_, a[i]({Zl > m}) - / Z, ¿a[/]. This

completes the proof of the lemma.

For each n E N, let Z(«)(A) = 2*=1 9,(\), A G G,. Clearly /(«)(A) < « for all

A G G,.. For each n E N, let Z„'(A) = S^Vf™ 3/(Am), h E G,.

Lemma 7. For each n E N, J Z'n(h) da(h) < / Z, ¿a[y] + 1.

Proof.

f Z„'(A) ¿a(A) =   f  o{{Z'K >m))=   f  a({C < oo})«[/]({Z, > m - 1})
^ m=l m=\

by the strong Markov property where t¡¡ is the incomplete stop rule defined by

C(A) = '(^+i. *„+2, ...) + »    if t(hn + v K+2, ...) + n< t(l(n) + 1),

= oo    otherwise.

Therefore / Z„'(A) da(h) = a({C < oo})2~=.1 a[y]({Z, > m - 1}) < / Z, ¿a[y] +

1. Hence the lemma is proved.

Lemma 8. Ifk G TV is such that 2 < k < n + 1, í/ien

jXl{/(n)>,_1} ./a = a({/(«) > k - !})• /Z, ¿a[i]

J ZklU(n)>k-l} ¿O =    2   <T({Z^l(/(n)>i:-i)   > w})

Proof.

m=l

=   2  a(izk > m and/(/i) > A: — 1})
m=l

=   2 a({l{n)>k-\))a[i]{{Zl>m))
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by the strong Markov property applied to the incomplete stop rule /'" defined by

t'"(h) = t(k - l)(h)    if i(n)(h) > k - I,

= oo    otherwise.

= a({l(n)>k- 1}) 2 o[i]({Zl >m})
m~l

= a({l(n) > k - \))jzxda[i].

Theorem 9. Let a be a Markov strategy such that I is a recurrent class. Let i,

j E I. Assume that / /(«) da = /[2£_, d¡(hk)] da(h) tends to oo as n -> oo. Then

..     2",.1/9,(A,)rfq(A)      ,,__..

— 21-,/3,^) *(*)"■/Z,*[,]>

(Note that / Z, da[/] = /^-(ôv) according to the notation introduced in §7).

Proof. If /=/, both sides in the above assertion are trivially equal to  1.

Therefore assume that / ¥=j. For each A G G„ and n E N,

n 'C)+1

2 37(At) = Z, +    2    Zt - Z„',
* = i * = 2

where the middle term is zero if l(n) = 0. Also a(G¡) = 1. Therefore

2   ¡dj{hk)da=\ 2 &,(**)
k = \

= fZlda+f

da

/(n)+l

2 zk
k-2

Now the middle term in the right of (3),

2 Zk
k = 2

da - fa da. (3)

/ da -Í n + l

2   Zk\{l(n)>k
* = 2

1)

n+l

da,    since l(n)(h) < n for all A,

(«)>*-!} do- 2 I zk\y(n

n+l

=  2 <*({'(") > ^ - !})- I zi *[']>    by Lemmas 6 and 8,
* = 2 ^

/ Z'n da
¡Zlda[i]

Therefore from (3) we have, for each n E N,

S"t-, / Qj(hk) da(h)       jZxda

2"*-, / UK) do{h)      //(«)daT J^"*L'J      //(„)*■

By Lemmas 4, 5 and 7 and the assumption that / l(n) da -» oo as « —» oo, the

theorem follows.

Theorem 10. Le/ I be a recurrent class under {a(/)}ie/. Let X be a stationary

initial distribution. If X({/}) > 0 for some i, then X({y'}) = /«^^({i}) for every

j E I. Consequently X({y'}) > 0 for all j G /.
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Proof. For the Markov strategy {X, {o(i)}ie,}, by the remark after proof of

Theorem 2, / 9/A*) da(h) = X({y}) for each k E N and / 9,(Aft) da(h) = X({/}) for

each k E N. Since X({/}) > 0, lim„ / ¡(n) da = lim„ nX({i)) = oo. Hence by the

previous theorem,

_.     nX({j)) ...
Lim    ./,..:.  = it)(9.).

n      «X({/}) ^yj/

Hence X({y})=rt(3,.)-X({/}).
We now only need to remark that ju,(3-) > 0. This is because

fc(3,) = [Zi da[i] > f Z, da[i] > a[i]({t < /(I)}) > 0

by Lemma 3 of §6. The proof of the theorem is complete.

Corollary 11. Let I be a recurrent class. Let X, and X2 be two stationary initial

distributions. If Xj({/}) > 0 for some i E I, then there exists a real number c such

that X2({y}) = c • X,({y})/or all j E I.

Proof. If X2({y}) = 0 for all y G /, we can choose c to be zero. Otherwise by

assumption and Theorem 10, X,({y'}) > 0 for all j E I and X2({y'}) > 0 for all

Further X,({y}) = A(3y) • X,({/}) and X2({y}) = ft(3,) • X2({/}), /, j G /. There-

fore

X2({v'}) = X2({/}) . j

x,({/})    x,({0)'     l,J     '

Choose c to be this common value and we are done.

Corollary 12. Let I be a countable recurrent class such that 2,e/ í¿,(3,) = oo for

some i E I. Then every stationary initial distribution is purely finitely additive.

Proof. Suppose on the contrary that there is a stationary initial distribution X

such that X({/}) > 0. Then by Theorem 10, X({/}) = ^{dj)X({i)).

Consequently 2,e/ X({/}) = [2>e/ ft(oy)W{'}) = oo.

However, since X is a finitely additive probability, 2y6/ X({y'}) < 1, a contradic-

tion.

Therefore X({/}) = 0 and hence X({y'}) = 0 for ally. As / is countable, it follows

that X is purely finitely additive.

Remark. Suppose / is countable. The condition that 2ye/ ufój) = oo always

implies that i is null recurrent because mu > 2ye/ m,(3,). In fact the condition is

equivalent to null recurrence if a(i) is countably additive for each /, because then,

mu = 2y(E/ ft,(3y)- We do not know if there are null recurrent chains with a

stationary initial distribution which has a nontrivial countably additive part.

We now prove a theorem on the existence of stationary initial distributions

which are countably additive.

Theorem 13. Let I be a countable, weakly communicating class. If there exists a

countably additive stationary initial distribution, then, for each i G /, a(i) is a

countably additive probability on I.
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Proof. Since I is countable, if X is a countably additive stationary initial

distribution, 2,e/ X({/}) = 1. This implies that X({/}) > 0 for some i E I. This by

Theorem 10 implies that X({/}) > 0 for ally G / if / is recurrent, but / has to be

recurrent, since, by Theorem 2, / cannot be transient. Since X is a stationary initial

distribution, X({y}) = / a(/)({y}) dX(i) = 2,e/ a(/)({y})X({/}) for ally G /, as X is

countably additive. Summing over ally G /, we get

2 x({/}) =22 o(i)({j))x({i})
jel ye/ie/

= 2
<e/

x({/}).2 «(/)({/})
.ye/

Since 2J6/ X({y}) = 1 and 2ye/ a(/)({y}) < 1 for each / G / and X({/}) > 0 for

ally G /, it follows that 2ye/ <K/)({y'}) = 1 ror &li ' G '• This means that a(i) is

countably additive for i E I and the proof of the theorem is thus complete.

The problem of existence of countably additive stationary initial distributions for

a Markov strategy {a(/)},e/, where a(/) is countably additive for each / G /, has

been extensively studied. Some of the references for this are [5], [6], [10], [11] and

[12].

10. A canonical stationary initial distribution. In §8, we proved the existence of

stationary initial distributions for Markov chains using Banach limits. However, if

the chain has a positive recurrent state, it is possible to actually exhibit a stationary

initial distribution with a nontrivial countably additive part. This stationary initial

distribution has some desirable properties as we shall see later in this section.

Let {a(/)},e/ be a Markov strategy. Let / be a positive recurrent state in /.

Define a function X, on all subsets of / by

Xj(E) =-ftOfi),       EEL
m¡i

Recall that

M,0£)=/( 2  iE(hn)l{lW>n)(h))da[i](h).

Theorem 1. X, is a stationary initial distribution for {a(/)}ie/.

Proof. It is easy to see from definition that X, is a nonnegative finitely additive

measure on all subsets of I. Also X¡(I) = m¡¡x ■ / /(l) da[i] = 1.

Therefore X, is a probability. Let

M*) = IT Î1e(K)Iw)>*) <M'](>0'       n EN, EEL
m¡¡ j

It is easy to see that for each n E N, o^, is a nonnegative finitely additive measure

on all subsets of / (not necessarily a probability).

For each m E N let X„ • be the finitely additive measure defined by X^ ■ =

2™-i «„,,- We now claim that

OO

X, = 2 «n,, = JimX^,, (4)
, i »—»
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Clearly for each E E I and m E N

Xt(E) = ^-/(n2 l£(Äjl{((1)>n)(A)j da[i](h)

m

= "¿-2 /l*(AJl{,(i>>»>(*) *[']<*)
mii n=\J

= X^ ¡(E)-

Therefore

\(^)>Í2«n„W)    for all EC I. (5)
Vn=l /

Further

(£*)
) = ̂ j Ï o[i]({t(l) > n))

mii n-l

1
—     1

" ~rn~   m" ~

Therefore 2^_! a„, is a probability. (4) now follows from (5) and the fact that both

X and 2 if-1 <*„, are probabilities.

From (4) and Lemma 1 of §8, it follows that

I f d\ =   lim   jfdX^i    for every bounded function/on/. (6)

Now for each m E N and E Q I

1+1

»>„Xm+,,,(£) =   2   hE(hn)l{l{l)>n)(h)da[i](h)
n=\ J

m    r

= a(i)(E)+  2 J !*(*„ + ,)Wn+.,W<M'](A)
n=l J

"

= a(/)(£) + m,2   f       o(j)(E)danJ(j)

by conditioning at the nth coordinate and then using the change of variable

theorem,

= a(i)(E) + mu¡       a(j)(E) dXmJ(j).= °(')(£) + ™u o(j)(tL) dr^iU).

Therefore

a(i)(E)(l - m^ni}))       ,
K+ u,(E) = A "V'U )}) +     a(j)(E) dXm,(j)

mu J

for all m G N and EEL    (7)

From (6) and the fact that limm^0O m,,^,^/}) = /i¡(3,) = l, it follows by taking

limits as m -> oo on both sides of (7) that \(E) = / a(J)(E) d\(j). Therefore X, is

a stationary initial distribution.
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Example. Let I = N. Define a(l) = ¡i where ju is a purely finitely additive

probability on N and a(n +1)=3,, n E N, 3, being the Dirac measure at 1.

Clearly 1 is a positive recurrent state and the method of Theorem 1 gives

X=^/i + ^3,asa stationary initial distribution.

Theorem 2. Let [a(i)}je/ be a Markov strategy. Let i be positive recurrent and

/-»/. Then X, «- \. (By Theorem 7 of §6, y is positive recurrent and Xy is defined.)

Proof. This follows immediately from Corollary 6 of §7.

Corollary 3. Let I be a positive recurrent class. Then \ = X¡for all i,j G /.

Proof. Follows trivially from Theorem 2.

We have therefore shown that if / is positive recurrent, there is a stationary

initial distribution X with

\({i\) = MM = _L    for an i <= /.
m,,.        m„

Clearly X({/}) > 0 for all / G /. Therefore X has a nontrivial countably additive

component. This X will be called the canonical stationary initial distribution for the

positive recurrent chain.

This canonical stationary initial distribution X is important for the Markov chain

and has desirable properties. As stated in the Strong Law of Large Numbers for a

positive recurrent chain, for a function / such that for some / G /, either n¡(f+) <

oo or Hi(f~) < oo,

This almost sure limit is actually the integral of / with respect to the canonical

stationary initial distribution.

Theorem 4. Let I be a positive recurrent class and X the canonical stationary initial

distribution.

For any real valued function f on I such that for some i E I either pi(f+) < oo or

M,(/~) < oo,

M/)
?-/'*"

Proof. The proof is routine, first done for simple functions and then the general

case by approximation with simple functions.

We conclude this section with an interesting characterization of countably

additive positive recurrent chains.

Theorem 5. Let I be a weakly communicating class under {a(/)},e/. Then I is

positive recurrent and a(i) is countably additive for each i E I if and only if

2,e/ mu   = I-

Proof. Only if part. Since / is positive recurrent, there is a stationary initial

distribution such that X({/}) > 0 for all / G /. (The canonical stationary initial

distribution has this property.) Therefore / has to be countable. Further given that
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a(i) is countably additive for each /, it is known that tt({1}) = m¡j, i G /, is a

countably additive stationary initial distribution. (See [5] or [10] for a proof of this.)

Therefore 2,e/ m¡¡1 = 1.

If part. 2,e/ m¡¡1 = 1 implies that m¡¡ > 0 for some /, and hence mu < oo,

consequently / is positive recurrent. As / is a communicating class, I is a positive

recurrent class. If X is the canonical stationary initial distribution, we know that

X({/}) = /i)(3,)/m„ = m¡j for all /. Therefore 2,e/ mj1 = 1 implies that X is coun-

tably additive. Therefore by Theorem 13 of §9, the result follows.

11. Ergodicity of the shift. The shift transformation T on H is defined by

T(hx, h2, . . . ) = (A2, A3, . . . ) for all A G H. The invariant a-field 3 is the collec-

tion of all sets A E 'S) such that T~\A) = A.

T is said to be ergodic under a if (i) a(T'l(A)) = a(A) for all A G <3J and (ii)

a(A) = Oor 1 for .4 G í.

Theorem 1. Let I be a recurrent class under {a(/)}/e/. Let Xbe a stationary initial

distribution. Then the shift T is ergodic under a = (X, {a(/)},e/}.

Proof. For A E %

a(T~\A)) = |a[A„ h2]{(T~\A))hv A2) da(h)

= [o[h2](Ah2) da(h)

= f a[j](Aj) dX(j),

by the change of variable theorem and the stationarity of X,

= o(A).

Therefore condition (i) for ergodicity of a is proved.

Let B E i. Let i,j E I and let t be the first time of occurrence of/. Since / is a

recurrent class, a[i]({t < oo}) = ft = 1.

So a[i](B) - a[i](B n (t < oo)) = a[i](t < oo) • a[j](B) = a[j](B), by the strong

Markov property. Thus o[j](B) = a for all y G 7 for some a, 0 < a < 1. Hence

a(B) = a. We shall prove that a has to be 0 or 1.

Le* e > 0. Since a is regular, there exists a clopen set K such that a(B A K) <

e/2. Let i be a stop rule such that Kps(h) = 0 for A G Kc and Kps(h) = H for

A G K. (See [8] for the proof of the existence of such a stop rule.)

We then have

a(B DK)~ ja[ps(h)](B n K)ps(h) da(h)

= fa[Ps(h)](B)da(h)
JK

= a ■ a(K).
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Thus

a - «2= a(B) ~[o(B)]2

<\a(B) - a(Bn K)\+\a-a(K) -[a(B)]2\

< e/2 + e/2 = e.

As e is arbitrary, a — a2 = 0 and hence a = 0 or 1. The proof of the theorem is

thus complete.

Remark. It is clear from the proof above that the triviality of the invariant

a-field for a recurrent chain does not depend on the stationarity of the initial

distribution. The proof given above has the same idea as the Purves-Sudderth [14]

proof of the Kolmogorov 0-1 law for the independent case. In fact the triviality of

the invariant a-field for recurrent chains could be proved by going over to the

blocks space using the blocks theorem and then applying the Kolmogorov 0-1 law.

Acknowledgement. I am greatly indebted to Professor A. Maitra for many

useful suggestions, to Professor B. V. Rao for several helpful discussions, and to the

referee for his thoughtful comments.

References

1. L. Breiman, Probability, Addison-Wesley, Reading, Mass., 1968.

2. R. Chen, On almost sure convergence in a finitely additive setting, Z. Wahrsch. Verw. Gebeite 37

(1977), 341-356.
3. _, Some finitely additive versions of the strong law of large numbers, Israel J. Math. 24 (1976),

244-259.
4. K. L. Chung, A course in probability theory, 2nd ed., Academic Press, New York, 1974.

5. _, Markov chains with stationary transition probabilities, 2nd ed., Springer-Verlag, Berlin,

1967.
6. C. Derman, A solution to a set of fundamental equations in Markov chains, Ptoc. Amer. Math. Soc.

5 (1954), 332-334.
7. L. E. Dubins, On Lebesgue-like extensions of finitely additive measures, Ann. Probab. 2 (1974),

456-463.
8. L. E. Dubins and L. J. Savage, How to gamble if you must : Inequalities for stochastic processes,

McGraw-Hill, New York, 1965.

9. N. Dunford and J. T. Schwartz, Linear operators. I, Interscience, New York, 1958.

10. D. A. Freedman, Markov chains, Holden-Day, San Francisco, Calif., 1971.

11. T. E. Harris, The existence of stationary measures for certain Markov processes, Proc. 3rd Berkeley

Sympos., vol. II, Univ. of California Press, Berkeley and Los Angeles, 1956, pp. 113-124.

12. _, Transient Markov chains with stationary measures, Proc. Amer. Math. Soc. 8 (1957),

937-942.
13. R. A. Purves and W. D. Sudderth, Some finitely additive probability, Ann. Probab. 4 (1976),

259-276.
14. _, Some finitely additive probability, Univ. of Minnesota School of Statistics Tech. Report

No. 220, 1973.
15. S. Ramakrishnan, Finitely additive Markov chains, Ph.D. thesis, Indian Statistical Institute, 1980

(submitted).

Statistics and Mathematics Division, Indian Statistical Institute, Calcutta 700 035, India


